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ABSTRACTS

1 PLENARY SPEAKERS

Modelling, analysis and simulations of bulk-surface PDEs with applications
to experimental sciences

Anotida Madzvamuse
University of British Columbia & University of Sussex

A.Madzvamuse@sussex.ac.uk

Abstract

In this talk, I will present bulk-surface PDEs, were we couple partial differential equations of
reaction-diffusion type in the bulk of the domain to reaction-diffusion systems on the surface of
the domain. These two systems are then coupled through appropriate boundary conditions. Un-
der appropriate assumptions, I will then present some analytical results which are subsequently
validated through numerical simulations. In particular, it turns out that pattern formation for
bulk-surface reaction-diffusion systems is richer than that obtained with classical models on
uncoupled domains. Finally, I will conclude by presenting a bulk-surface wave pinning model
in the area of cell motility.

*********************************

Neural field models with and without microstructure

Arkadi Ponossova, Evgenii Burlakovb, John Wyllera & Evgeny Zhukovskyc

a Norwegian University of Life Sciences, 1432 Ås, Norway
arkadi@nmbu.no, john.wyller@nmbu.no

b X-Bio Institute, University of Tyumen, 625003 Tyumen, Russia
eb @bk.ru

c Tambov State University, 392000 Tambov, Russia
zukovskys@mail.ru

Abstract

We consider a class of non-local partial differential equations covering several important neu-
ral field models, including the Wilson-Cowan model, the Amari model, the Hopfield network
and models with periodic and aperiodic microstructure. We suggest conditions for existence
and uniqueness of solutions and study the property of continuous dependence of these solutions
on the spatiotemporal integration kernel, delays, external inputs and measures describing mi-
crostructure, with a special emphasis on the steepness parameter, which describes the neurons’
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activation rate. Finally, we establish a connection between the Wilson-Cowan and Hopfield
network models with and without delays. The theories of local Volterra contractions and fixed-
point indices are used to prove these results.

Keywords: Neural field equations, well-posedness, stationary and travelling wave solutions,
sigmoid and Heaviside functions, weak convergence of measures

Category: Analysis, Mathematical Biology

*********************************

Is there a possible synergy between HIV and COVID-19?

E Lungu
Department of Mathematics and Statistical Sciences, Botswana International University of

Science and Technology, Private Bag 16, Palapye, Botswana
lungue@biust.ac.bw

Abstract

Humans have been exposed to infectious viral diseases from the beginning of time. Perhaps the
most common human viral infections are the strains of the common cold (flu). Some of the flu
strains are very virulent and can cause fatalities, especially among the elderly.

Viruses continuously mutate, a characteristic which makes it difficult to develop vaccines that
protect against emerging strains. We begin by giving an overview of viral infections for which
lifelong vaccine protection has been achieved.

The measles vaccine (MMR) introduced in 1963 is administered as two doses, the first at 12-15
months of age and the second at 4-6 years old. Nearly all those who do not develop immunity
after the first dose develop it after a second dose. The MMR vaccine also protects against
Mumps and Rubella, and the immunity lasts a lifetime.

Chickenpox, a viral infection with the Varicella Zoster virus, caused so much suffering among
children before the Varicella vaccine was developed and made commercially available in 1984.
The Varicella vaccine is administered as two doses. The first dose prevents 95% of moderate
disease and 100% of severe disease. Before the human immunodeficiency syndrome (HIV) ap-
peared as a human infection, chickenpox infected an individual only once during their lifetime.

Shingles or Herpes Zoster is caused by the Varicella Zoster, the same virus that causes chicken-
pox. Shingles can develop only after initial infection with chickenpox or rarely after vaccination
for chickenpox. After a person recovers from Shingles, the virus remains latent in the body, but
many years after infection the virus can be reactivated (usually by HIV) but the individual will
develop Chickenpox not Shingles. Shingles infection is the first sign of HIV infection.

Although there is no direct link suggesting a causal relationship between Ebola and HIV, there
is strong evidence suggesting that antiretroviral therapy is beneficial to the prognosis of Ebola
in individuals co-infected with Ebola and HIV. What is not disputable is the fact that the number
of Ebola outbreaks has increased from one outbreak in eight years between 1976 and 1995 to
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annual outbreaks after 1995, a period which coincides with peak infections for HIV. Ebola vac-
cines are at a developmental state with only one vaccine, rVSV-ZEBOV, approved in December
2019 in the United States.

SARS-COV-2 (COVID-19), identified in Wuhan (China) in 2019, is the seventh human coro-
navirus. While other human coronaviruses were quickly contained by various measures such
as lockdowns, wearing of masks e.t.c, the same measures did not have the same desired effect
on slowing the number of COVID-19 infections. So far over 600 million individuals have been
infected and over 6 million deceased. Between 2020 and 2021 several vaccines have been de-
veloped. However, these vaccines lose their efficacy so fast that some individuals have already
taken two doses (as required) and two boosters. This is unlike the chickenpox and measles
vaccines.

This overview looks at the possible synergy in HIV and COVID-19 co-infection. We have
constructed a mathematical model to investigate the influence on human immunity caused by
the co-infection. We want to quantify the conditions under which infection with COVID-19
would worsen the prognosis of HIV or vice versa? Important deductions are made from the
co-morbidity reproduction number, especially regarding the efficacy of HIV drugs.

Keywords: Malaria, Fake drugs, Hierachy of resort, Probability of extinction

Category: Mathematical Biology

*********************************

Rainbow Spanning Trees in Edge-Colored Complete Graphs

Katherine Perrya

a Soka University of America
kperry@soka.edu

Abstract

A spanning tree of an edge-colored graph is rainbow provided that each of its edges receives a
distinct color. In 1996, Brualdi and Hollingsworth conjectured that if K2m is properly (2m−1)-
edge-colored, then the edges of K2m can be partitioned into m rainbow spanning trees, except
when m = 2. In this talk, we’ll look at the history and recent results concerning this conjecture
and related questions and also consider the extremal question of maximizing and minimizing
the number of rainbow spanning trees in Kn, given a special type of (n − 1)-edge-coloring
which is surjective and rainbow cycle free, called a JL-coloring.

Keywords: rainbow spanning tree, JL-coloring, complete graph

Category: Graph Theory

*********************************

Gender and mathematics: status and sociocultural challenges

Marcos Cherinda
UNESCO Maputo Office
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Abstract

Gerdes (2000) states that one of the characteristics of the history of mathematics is the dialecti-
cal interaction between extra-mathematicaland intra-mathematical factors stimulating (or hold-
ing back) the development of mathematical ideas. By intra-mathematical factors is meant, for
example, the reflection of a mathematician on a certain mathematical problem already known
in the literature. By extra-mathematical factors is meant, for example, the discovery of the con-
cept of a regular hexagon and some of its properties in the context of searching for solutions
to produce a fishing trap. In the session, I will present some examples of Gerdes (1952-2014)
reasoning experience that show the process of moving from an extra-mathematical factor to
intra-mathematical reasoning, illustrating the potentials ofethnomathematics in its anthropolog-
ical, historical, philosophical and educational relevance.

*********************************

Gender and mathematics: status and sociocultural challenges

Sarifa Abdul Magide Fagilde
Faculty of Natural Science, Mathematics and Statistics, Rovuma University

samfagilde@hotmail.com

Abstract

Gender differences in Mathematics performance and post compulsory mathematics courses,
have been attracting the researcher’s attention, in the last decades, and claiming for action to
reverse the position of Mathematics being seen as a difficult subject and particularly as a male
domain. Considering that, in one side, cultural paradigms govern the people’s mind, influences
decision making and, on the other side, in order to better understand the sociocultural chal-
lenges, where relations between genders is a concern, there are cultural dualisms that have been
sectorizing activities and people and such sectorizing dualism, in the historical process, deter-
mined the professional orientation of generations, it is important to get to know the women
status, this communication aims to address aspects related to women status and sociocultural
beliefs in relation to women and mathematics and highlights possible interventions in order to
bring a contribution, to reverse the current mind situation.

Keywords: Gender, mathematics, cultural dualism, challenges

Category: Mathematics Education

*********************************

2 ALGEBRA

On the Fischer-Clifford matrices and character table of a group of shape
p1+2n.G
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Abraham Love Prins
Nelson Mandela University, South Africa

abraham.prins@mandela.ac.za/abrahamprinsie@yahoo.com

Abstract

Let G = P.G be a finite extension where P is an extra-special p-group p1+2n. The center Z(P )
of P is a cyclic group Zp of order p and since Z(P ) is a characteristic subgroup of P , it follows
that Z(P ) is normal in G. Hence we obtain the factor group F = G

Z(P )
∼= p2n.G which is an

extension of an elementary abelian p-group p2n by a finite group G. Moreover, the ordinary
irreducible characters Irr(F ) of F can be lifted to G, where the set Irr(F ) is identified with
χi ∈ Irr(G) such that Z(P ) ≤ Ker(χi). In [1], a powerful method is described to construct
the ordinary character table of an extension group P.G by means of so-called Fischer-Clifford
matrices M(gi) which are associated with the conjugacy classes [gi] of G. Since the irreducible
characters of the factor group F can be lifted to G, it follows that a Fischer-Clifford matrix
M̂(g) of the factor group F is embedded in the corresponding Fischer-Clifford matrix M(g) of
G. Hence, analogous to the above lifting process, the Fischer-Clifford matrices M̂(gi) of F can
be ”lifted” to the matrices M(gi) in G. Having obtained the matrices M(gi) from the matri-
ces M̂(gi), the ordinary irreducible character table of G can be constructed using the Fischer-
Clifford matrices technique as discussed in, for example, [2]. The approach described above
works very well on an extension group, where the kernel is an extra-special p-group p1+2n.
In this paper, the author will elaborate more about this ”lifting of Fischer-Clifford matrices”
approach and illustrate it with an appropriate example.

Keywords: Fischer-Clifford matrices, inertia factors, character table, extension group

Category: Algebra

References

[1] B. Fischer, Clifford-matrices, Progr. Math. 95, Michler G.O. and Ringel C.(eds),
Birkhauser, Basel (1991), 1 - 16.

[2] A.L. Prins, A maximal subgroup 24+6:(A5 × 3) of G2(4) treated as a non-split extension
G = 26·(24:(A5 × 3)), Advances in Group Theory and Applications, 10 (2020), 43-66.

*********************************

On products of supersoluble subgroups

Adolfo Ballester-Bolinchesa, Sesuai Madanhab, Tendai Mudziiri Shumbac & Maria
Pedraza-Aguilerad

a Universitat de València
b University of Pretoria

sesuai.madanha@up.ac.za
c Sobolev Institute of Mathematics

d Universitat Politècnica de València
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Dedicated to the memory of Alexander Grant Robertson Stewart

Abstract

In 1957, Reinhold Baer proved that if G is the product of two normal supersolvable subgroups
and G′ is nilpotent, then G is supersolvable. There has been several generalisations of this
result. In this project the structure of finite groups G = AB which are a weakly mutually
sn-permutable product of the subgroups A and B, that is, such that A permutes with every
subnormal subgroup of B containing A∩B and B permutes with every subnormal subgroup of
A containing A ∩B, is studied. We generalise Baer’s theorem.

Keywords: supersoluble groups, mutually permutable products, normal products, derived sub-
group

Category: Algebra

*********************************

Applications of reduced and coreduced modules

David Ssevviiri
Department of Mathematics, Makerere University, Kampala, Uganda

Email: david.ssevviiri@mak.ac.ug

Abstract

Let R be a commutative unital ring and I an ideal of R. We show that I-reduced R-modules and
I-coreduced R-modules provide a setting in which the Matlis-Greenless-May (MGM) Equiva-
lence and the Greenless-May (GM) Duality hold. These two notions have been hitherto known
to exist in the derived category setting. We realise the I-torsion and the I-adic completion func-
tors as representable functors and under suitable conditions compute natural transformations
between them and other functors.

Keywords: Reduced and coreduced modules, torsion and adic completion.

Category: Algebra

References

[1] L. Alonso Tarrio, A. Jeremias Lopez and J. Lipman, Local homology and cohomology on
schemes, Annales Scientifiques de l Ecole Normale Supérieure, (4), 30(1), (1997), 1–39.

[2] I. Assem, D. Simson, and A. Skowronski, “Elements of the Representation Theory of
Associative Algebras: Volume 1: Techniques of Representation Theory”, Cambridge Uni-
versity Press, 2006.
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[3] M. Auslander, M. I. Platzeck and G. Todorov, Homological theory of idempotent ideals.
Trans. Amer. Math. Soc. 332(2), (1992), 667–692.

[4] T. Barthel, D. Heard and G. Valenzuela, Local duality in algebra and topology, Adv. Math.
335, (2018), 563-663.

*********************************

Representations of polynomial covariance commutation relations by linear
operators in Lp spaces

Domingos Djinjaa, Sergei Silvestrovb & Alex Tumwesegyec
a Department of Mathematics and Informatics, Faculty of Sciences, Eduardo Mondlane
University, Box 257, Maputo and Division of Applied Mathematics and Physics, UKK,

Malardalen University, Box 883, Vasteras
domingos.djindja@uem.ac.mz/domingos.celso.djinja@mdu.se

b Division of Applied Mathematics and Physics, UKK, Malardalen University, Box 883,
Vasteras

sergei.silvestrov@mdu.se
c Department of Mathematics, College of Natural Sciences, Makerere University, Box 7062,

Kampala
alex.tumwesigye@mak.ac.ug

Abstract

In this work, representations of polynomial covariance type commutation relations are con-
structed. Representations involve pairs of linear integral and multiplication operator in Lp

spaces. Representations theorems of Linear functional in Lp spaces are used to construct rep-
resentations of commutations relations. Examples for specific and known algebras such as
Heisenberg-Lie type, for instance, are presented.

Keywords: Commutation relations, representations, integral operators, multiplication operator

Category: Algebra

References

[1] OXTOBY, J. C. (1971): Measure and category. Springer-Verlag, New York.

[2] PERSSON, T. AND SILVESTROV, S. D. (2002): Commuting operators for representations
of commutation relations defined by dynamical systems. Numerical Functional Analysis
and Optimization, 33: 7-9, 1146-1165.

[3] RUDIN, W. (1987): Real and Complex Analysis. 3rd ed, Mc Graw Hill.

[4] SAMOILENKO Y. S. (1991): Spectral Theory of families of self-adjoint operators. Kluwer
Academic Publ.
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*********************************

Hochschild cohomology of Sullivan algebras and mapping spaces between
manifolds

Jean Baptiste Gatsinzia
a Botswana INternational University of Science and Technology

gatsinzij@biust.ac.bw

Abstract

Let e : Nn → Mm be an embedding of closed, oriented manifolds of dimension n and m
respectively. We study the relationship between the homology of the free loop space LM
on M and of the space LNM of loops of M based in N and define a shriek map H∗(e)! :
H∗(LM,Q) → H∗(LNM,Q) using Hochschild cohomology and study its properties. In
particular we extend a result of Félix on the injectivity of the map induced by aut1M →
map(N,M ; f) on rational homotopy groups when M and N have the same dimension and
f : N → M is a map of non zero degree [1].

Keywords: Loop space homology, Poincaré duality, Hochschild cohomology

Category: Algebra

References

[1] Y. Félix, Mapping spaces between manifolds and the evaluation map, Proc. Amer. Math.
Soc. 139 (2011), 3763–3768.

*********************************

Exact Solutions and Conservation Laws of a Alice Bob-KP Equation

Lebogang. Bodibe , Letlhogonolo .D. Moleleki & Masood Khalique
International Institute for Symmetry Analysis and Mathematical Modelling, Department of

Mathematical Sciences, North-West University, Mafikeng Campus, Private Bag X 2046,
Mmabatho 2735,

Republic of South Africa
Email: lebo110812@gmail.com, Letlhogonolo.Moleleki@nwu.ac.za,

Masood.Khalique@nwu.ac.za
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Abstract

In this study a nonlinear evolution partial differential equation, namely, the Alice Bob-KP equa-
tion. Lie symmetry method together with (G

′
G
)-expansion method is used to find the exact solu-

tions of the Alice Bob-KP equation. Furthermore, multiplier method will be used to construct
the conservation laws of the Alice Bob-KP equation.

Keywords: Alice Bob-KP equation, Lie point symmetries, (G
′

G
)-expansion method, conserva-

tion laws

Category: other

References

[1] C. Gu, H. Hu, Z. Zhou, Darboux Transformation in Soliton Theory and Its Geometric
Applications, Springer, The Netherlands, 2005.

[2] M.J. Ablowitz, P.A. Clarkson, Solitons, Nonlinear Evolution Equations and Inverse Scat-
tering, Cambridge University Press, Cambridge, UK, 1991.

[3] R. Hirota, The Direct Method in Soliton Theory, Cambridge University Press, Cambridge,
2004.

[4] S.K. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, (2001): Jacobi elliptic function expansion method
and periodic wave solutions of nonlinear wave equations, Phys. Lett. A. 289 69-74.

*********************************

On the partial computation of the Lie bracket structure of the string
homology on a formal elliptic space

Oteng Maphanea & Jean-Baptiste Gatsinzib
a Botswana International University of Science and Technology

maphaneot@biust.ac.bw
b Botswana International University of Science and Technology

gatsinzij@biust.ac.bw

Abstract

We consider the Chas-Sullivan loop space homology H∗(XS1
) of a formal elliptic space X of

which π∗(X) ⊗ Q is finite dimensional. We show that the centre of the graded Lie algebra
sH∗(XS1

;Q) is non trivial.

Keywords: Sullivan algebra, Loop space homology, formal elliptic spaces

Category: Algebra
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References

[1] M. Chas, D. Sullivan, String topology, Preprint math GT/9911159, (1999).

[2] Y. Félix, S. Halperin, J.C. Thomas, Rational Homotopy Theory, Springer, New York,
(2001).

*********************************

Rational Homotopy Type of the components of mapping spaces from odd
spheres to Complex Grassmannian

Smegnsh Demelash Yeruka, Jean Baptiste Gatsinzib
a Addis Ababa University
smegnshdem@gmail.com

b Botswana International Science and Technology University
gatsinzij@biust.ac.bw

Abstract

By considering a certain map f : X = S2(n−k)+1 × S2(n−k)+3 × · · · × S2n−1 → Y = Gk,n,
we have shown that the rational homotopy type component of mapping space map(X, Y ; f) is
product of odd spheres and p Elinberg MacLane space, where p = 1, · · · , k − 1 and G(k, n) is
the space of k dimensional subspaces of n dimensional complex coordinate space Cn .

Keywords: Function Spaces, rational homotopy type, Sullivan Model, L∞-algebra,Homogeneous
spaces

Category: Algebra

References
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3 ANALYSIS: SPECIAL SESSION

A Tseng Type Algorithm for Approximation of Solution of Equilibrium
Problem, Variational Inequality Problem and Fixed Point Problem in

Banach Spaces

Bashir Ali & A. M. Hamza

Abstract

In this work, we study a Tseng‘s type algorithm for approximation solution of equilibrium prob-
lem, variational inequality problem and fixed point problem in the setting of uniformly smooth
which is also 2-uniformly convex real Banach space and 2-uniformly smooth real Banach space
and prove its strong convergence to a solution of a variational inequality problem for a mono-
tone l−Lipschitz continuous map whose image under a bounded linear operator is a fixed point
of nonexpansive maps. The result in this paper is an extension or modification of some recently
announce results.

*********************************

Approximation method for monotone inclusion problems in real Banach
spaces with applications

Abubakar Adamua, Duangkamon Kitkuanb, Poom Kumama, Anantachai
Padcharoenb & Thidaporn Seangwattanac

a King Mongkut’s University of Technology Thonburi, Bangkok 10140, Thailand
aadamu@aust.edu.ng

b Rambhai Barni Rajabhat University, Chanthaburi 22000, Thailand
c King Mongkut’s University of Technology North Bangkok, Rayong, 21120, Thailand

Abstract

In this paper, we introduce an inertial Halpern-type iterative algorithm for approximating a zero
of sum of two monotone operators in the setting of real Banach spaces that are 2-uniformly
convex and uniformly smooth. Strong convergence of the sequence generated by our proposed
algorithm is established by means of some new geometric inequalities proved in this paper
that are of independent interest. Furthermore, numerical simulations in image restoration and
compressed sensing problems are also presented. Finally, the performance of the proposed
method is compared with that of some existing methods in the literature.

Keywords: monotone; convex minimization; zeros; image restoration; signal recovery.

Category: Analysis

*********************************
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Structure results for real Interpolation spaces

Ali Raza
Abdus Salam School of Mathematical Sciences,

GC University Lahore, Pakistan
aliraza@sms.edu.pk

Abstract

The theory of interpolation for quasi-normed spaces was developed in the early 1960s with the
work of J. L. Lions, Peetre, A.P. Caldern, and other authors and now it is a large branch of
Functional Analysis with many applications to Analysis, Partial Differential Equations, Mathe-
matical Physics.

In this talk, I will give a brief introduction about the Interpolation spaces, there will be two parts
of the talk, in first part I will present the basic idea of interpolation theory and then after defining
K−functional the K−method of real interpolation spaces will be discussed in detail. After
that, I will discuss some structural results for real interpolation spaces including Holmstedt’s
formulae and reiteration for different couples formed by interpolation spaces.

Keywords: Interpolation spaces, K− functional, Holmstedt’s formulae, Reiteration

Category: Analysis

References
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*********************************

An inertial algorithm for approximating solutions of variational inequality
and fixed point problems in reflexive Banach spaces

Bashir Alia, Mohammed Suleman Lawanb, Abdulhadi Muhammead Hamzac

a Bayero University, Kano, Nigeria
bashiralik@yahoo.com

b Kaduna Polytechnic, Nigeria
mslawankh@yahoo.com

c Bayero University, Kano, Nigeria
amhamza.sce@buk.edu.ng
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Abstract

In this pepar, we study an inertial extragradient-like S-iteration process for finding a common
element of the set of solution of some variational inequality problem involving a monotone
Lipschitz map and a fixed point of Bregman demigeneralized mapping in a Banach space. Our
result is an extension and generalization of some recently announce results.

Keywords: Strong convergence, Fixed Point Problem, Variational Inequality, Bregman Demi-
generalized Mappings.

Category: Analysis

*********************************

Existence of fixed points of generalized set-valued F−contractions of b−metric spaces
Basit Alia & Aqsa Butta

aDepartment of Mathematics, School of Sciences, University of Management and Technology,
C-II, Johar Town, Lahore, 54770, Pakistan.

E-mail addresses: basit.aa@gmail.com, basit.ali@umt.edu.pk, AqsaButt013@gmail.com

s

Abstract

This paper deals with the existence of nonempty fixed point sets of newly introduced generalized
set-valued F−contractions of b−metric spaces. Some illustrative examples show that the new
results in this work generalize properly, unify and extend some related results in the existing
literature. Moreover, we extract some important consequences of the results in b−metric spaces.
Particularly by setting b−metric constant equal to one, we obtain some specific cases showing
notable enhancement of existing results yet in metric spaces.

Keywords: b−metric, fixed points, set-valued mapping, F−contractions, almost F−contractions.

Category: Analysis
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*********************************

New modified inertial projection method for bilevel variational inequality
and fixed point problems

Godwin Chidi Ugwunnadi
Department of Mathematics, University of Eswatini, Private Bag 4, Kwaluseni, Eswatini

ugwunnadi4u@yahoo.com

Abstract

In this paper, we introduce a new method for solving bilevel quasimonotone variational inequal-
ity and fixed point problems in a real Hilbert spaces. Then, we establish the strong convergence
of the proposed method under some mild conditions on the parameters. Finally, we give some
numerical experiments to show efficiency of the method over some recently known related
methods in the literature.

Keywords: Fixed Point, monotone operator, Variational inequality Problem, Demimetric map-
ping, Hilbert space

Category: Analysis
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Inertial algorithm for solution of Hammerstein inclusions in Banach spaces
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Abstract

For q > 1, let X be a real q-uniformly smooth Banach space. Let F,K : X → 2X be strongly
accretive, continuous and bounded maps. An inertial algorithm for solutions of inclusions of
Hammerstein type, 0 ∈ u + KFu, is constructed. Using a path strongly converging to a zero
of m-accretive map, the sequence obtained is shown to strongly converge to a solution of the
mentioned inclusion, given existence of solution. Our results constitute an improvement of a
related result in the setting of Hilbert spaces[Bello, A. U., Omojola, M. T. and Yahaya, J., An
inertial-type algorithm for approximation of solutions of Hammerstein integral inclusions in
Hilbert spaces, Fixed Point Theory Appl. 2021:8. DOI: 10.1186/s13663-021-00691-7] and the
corresponding non-inertial algorithm [Minjibir, M.S. and Mohammed, Solutions for Hemmer-
stein inclusions, Pan American Math. J. 30 (2020), no. 2, 37-54].
Keywords: Accretive map, q-uniformly smooth, m- accretive, bounded, Hemmerstein inclu-

sions,

Category: Analysis
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Remembering the Astute Non-linear Functional Analysis, Professor Charles
Ejike Chidume: 1947-2021.

Jeremiah N. Ezeoraa, aDepartment of Mathematics and Statistics, University of Port
Harcourt, Nigeria

jeremiah.ezeora@uniport.edu.ng

Abstract

The Analysis section of the SAMSA/MASAMU meeting and conference, 2022 plans to honor
late Professor Charles Ejike Chidume , an astute Non-linear Analyst . This presentation high-
lights the numerous contributions of the great Mathematician, Professor Chidume to develop-
ment of Non-linear Functional Analysis . We shall make frantic efforts to bring to fore, his
outstanding contributions to Non-linear functional Analysis, the Mathematics Community and
humanity in general.

Keywords: Non-linear Analysis, Mathematics Community , SAMSA/MASAMU conference.

Category: Industiral Mathematics

Southern Africa Mathematical Sciences Association Annual Conference - SAMSA 2022
November 22 - 25, 2022

15

mailto:jeremiah.ezeora@uniport.edu.ng


*********************************

Fourier transform decay of distributions in Hardy-Morrey spaces

Marcelo F. de Almeida a

a Federal University of Sergipe, Departamento de Matemática, Brazil
marcelo@mat.ufs.br

Abstract

In this note we establish decay estimates for Fourier transform on Hardy-Morrey spaces, namely,

|f̂(ξ)| ≲ |ξ|n( 1
λ
−1)∥f∥HMλ

q
0 < p ≤ λ ≤ 1

and its localizable version. Our work include some aspects to these spaces linked up with
previous estimates, in particular a natural approach on cancellation moment conditions. As ap-
plication, we discuss the optimality for continuity of Fourier multipliers and pseudodifferential
operators in Hardy-Morrey spaces.

Keywords: Atomic Decomposition; Fourier transform decay; Hardy-Morrey spaces.

Category: Analysis
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Evaluating and estimating some important Integrals using distribution or
decreasing rearrangement functions and the Lorentz space L(p, 1), p > 1
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Abstract

In this talk we explore the famous relationship between Lp-norm in terms of distribution and
decreasing rearrangement functions to evaluate some important higher dimensions integral, in-
deed we use

∫ ∣∣f (x)
∣∣p dµ (x) = p

∫ ∞

0

αp−1µf (α) dα =

∫ ∞

0

(
f ∗ (t)

)p
dt.

The first integral on left is on X , the measures space (X, σ-algebra on X,µ) for p > 0, µf the
distribution function and f ∗ the decreasing rearrangement of f .

Finally we look the Lorentz spaces L(p, 1) for p ≥ 1 in 2-dimension.

Which says f ∈ L(p, 1) if and only if ∥f∥(L(p,1)) =
∫∞
0

f ∗ (t) t
1
p
−1dt < ∞, and we give a new

characterization based on special atom spaces, and this allow us to study some operators on the
Lorentz spaces L(p, q), p, q > 0. We will comment on important facts about L(p, q).

Keywords: Integrals, Distribution function, Decreasing rearrangement function, Lorentz Space

Category: Analysis
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Fixed point approximation schemes in geodesic spaces
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Abstract

In this talk we present geodesic convexity as a tool for fixed point theory and convex analysis
in metric spaces. We discuss a generalised class of nonexpansive mappings in a metric space
of special geometry. In addition, we explore JK-iteration as a scheme of approximating fixed
point of such mappings and achieve fixed point convergence results using demiclosedness-type
property.

Keywords: CATp(0) spaces, demiclosedness-type property, fixed point, geodesic spaces, JK-
iteration, nonexpansive mapping.

Category: Analysis
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An overview of the m-splitting theory

Yaé Ulrich Gabaa,
a University of Limpopo, South Africa

yae.gaba@ul.ac.za

Abstract

We present the results of our investigations on those (partially) ordered metric spaces (X,m,≤)
for wich there exists an m-splitting T0-quasi-metric d on X such that x ≤ y if and only if
d(x, y) = 0 for any x, y ∈ X . In particular, for a given metric space (X,m) we present
results about T0-quasi-metrics on X that are minimal among the collection of all m-splitting
T0-quasi-metrics on X . We give the current state of the art, describe work-in-progress and
suggest questions we think could be interesting for further investigations.

Keywords: Metric space, Partial order, Quasi-pseudometric, Group, Lattice, Splitting a metric,
Minimally splitting.

Category: Topology; Algebra & Analysis
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Inertial Version of Generalized Projected Reflected Gradient Method

Yekini Shehua

a College of Mathematics and Computer Science, Zhejiang Normal University, Jinhua 321004,
People’s Republic of China
yekini.shehu@zjnu.edu.cn

Abstract

In this talk, we study a generalized version of projected reflected gradient method cou-
pled with inertial extrapolation step to solve variational inequalities in Hilbert spaces. Our
proposed method requires one function evaluation and one projection per iteration along-
side inertial extrapolation step which is motivated by the desire to devise faster and less
computationally expensive iterative methods for variational inequalities. We obtain weak
and linear convergence of the sequence of iterates generated by our method under some
standard conditions and numerical results are given to show the efficacy of the proposed it-
erative scheme. Several versions of recently proposed projected reflected gradient methods
in the literature are recovered from our method.

Keywords: variational inequalities; projected reflected gradient method; inertial steps;
weak and linear convergence; Hilbert spaces.

2020 MSC classification: 47H05, 47J20, 47J25, 65K15, 90C25.
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4 ANALYSIS

Solution of System of Klein-Gordon Equations using Reduced Differential
Transform Method

Albert Biia & Julius Maremwa Shichikhab
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Abstract

Real-world models are formulated using partial differential equations. Klein-Gordon Equations
(KGE) [1] describe the interactions of sub-atomic particles. Numerical solutions are available
but not accurate [2]. In this paper, we develop a fourth order scheme using Reduced Differential
Transform Method [3]. The method transforms the KGE into a differential recurrence relation
from which convergent series can be constructed to give a better solution. The solutions are
then presented graphically.

Keywords: Reduced Differential Transform Method, Convergent series, Klein-Gordon.

Category: Mathematical Physics
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The Jacobson Property in Banach algebras

André Swartza & Hein Raubenheimerb
a University of Johannesburg

aswartz@uj.ac.za
b University of Johannesburg

heinrichr@uj.ac.za

Abstract

In this talk A will represent a non commutative and unital Banach algebra. We let σ(a) represent
the usual spectrum of a ∈ A. It is well known that for a, b ∈ A we have

λ ∈ σ(ab) \ {0} ⇐⇒ λ ∈ σ(ba) \ {0}.
We are interested in subsets of A that have the Jacobson Property, i.e. X ⊂ A such that for
a, b ∈ A:

1− ab ∈ X ⇐⇒ 1− ba ∈ X.

Keywords: Functional Analysis, Spectral Theory, Regularity, Semiregularity

Category: Analysis
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Lagrangian formulation of a Lane-Emden-Klein-Gordon-Fock system with
central symmetry

Ben Muatjetjejaa,b

a Department of Mathematics, Faculty of Science, University of Botswana, Private Bag 22,
Gaborone, Botswana

muatjetjejab@ub.ac.bw
b Department of Mathematical Sciences, North-West of University, Private Bag X2046,

Mmabatho 2735, South Africa

Abstract

In this talk we introduce a sort of Lane-Emden system derived from the Klein-Gordon- Fock
equation with central symmetry. Point symmetries are obtained and, since the system can be
derived as the Euler-Lagrange equation of a certain functional, a Noether symmetry classifica-
tion is also considered and conservation laws are derived from the point of Noether symmetries.

Keywords: Lane-Emden-Klein-Gordon-Fock; Noether symmetries; Conservation laws.
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Projection and contraction method for solving quasi-monotone variational
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Abstract

In this article, Projection and contraction method with two- step inertial extrapolation and self-
adaptive step sizes is proposed to solve variational inequalities in quasi-monotone setting. A
two-step inertial extrapolation is added to further improve on the convergence speed of the pro-
posed method and self-adaptive step sizes are used in order to reduce computational complexity
of our method. Weak convergence analysis are obtained under some easy to verify conditions
on the iterative parameters in Hilbert spaces.

*********************************

Boundedness Results for Solutions of Certain Second Order
Non-Autonomous Ordinary Differential Equations

Daniel Oluwasegun Adams & Mathew Omonigho Omeike
Department of Mathematics, Federal University of Agriculture, Abeokuta, Nigeria

adamsdo@funaab.edu.ng

Abstract

We shall consider the second order non-autonomous nonlinear ordinary differential equations:

a(t)x′′ + b(t)f(x;x′) + c(t)[g(x′) +m(x)]h(x′) = p(t;x;x′)

and
(a(t)x′)′ + b(t)f(x;x′) + c(t)[g(x′) +m(x)]h(x′) = p(t;x;x′),

where a, b, c, f, g,m, h and p are real valued functions which depend at the most on the argu-
ment displayed explicitly. In this paper, we shall use different forms of integral inequalities and
two forms of mean value theorem for integrals to investigate the boundedness of all solutions
and their derivatives.

Keywords: boundedness; nonlinear; second order; integral in-equalities; differential equations
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On periodic self-adjoint spectral problem for a functional-differential
equation of even order
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Abstract

The study of the spectra of differential operators is connected with applications in mechanics
and quantum mechanics. First of all, the second-order operator has been well studied due to
its self-adjointness due to symmetry in physics. A generalization is an operator of even order,
in which self-adjointness is preserved. In [1], a self-adjoint functional-differential operator (:=
means ‘is equal to’ by definition)

Lu(x) := 1

ρ(x)

(
(−1)mu(2m) −

∫ l

0

u(s)q(x, ds)

)
, x ∈ [0, l] (m ≥ 1) (1)

(ρ(x) is a fixed positive weight function) is studied, the symmetry of which is determined by
the properties of the function q(x, ds). In paper [2], is studying the periodic boundary value
problem

−(p(x)u′)′ +R(x)u−
∫ l

0

u(s)dsr(x, s) = λρ(x)u (2)

u(0) = u(l), pu′|x=0 = pu′|x=l. (3)

Function r(x, ·) is assumed to be non-decreasing, and r(x, 0) = 0. In the second condition,
expression pu′ is considered as a quasi-derivative of function u.

In the presented work, we study the operator

Lu(x) := 1

ρ(x)

(
(−1)mu(2m) +R(x)u−

∫ l

0

u(s)q(x, ds)

)
, x ∈ [0, l] (m ≥ 1) (4)

but with periodic boundary conditions

u(k)(0) = u(k)(l), k = 0, . . . ,m− 1, (5)

and
u(k)(0) = u(k)(l), k = m, . . . , 2m− 1, (6)

and a condition for q(x, ds) the operator L will be self-adjoint. These periodic conditions are
divided into two groups due to the fact that the first group determines the space for research
using the variational method. The periodic boundary value problem is important for applications
in mechanics and mathematical physics, its mechanical interpretation suggests the properties of
solutions to the boundary value problem.

Let ∆ := [0, l], L2(∆, ρ) be the space of Lebesgue quadratic integrable on ∆ with positive
weight ρ(x) and scalar product

(f, g) :=

∫ l

0

f(x)g(x)ρ(x) dx,

L2(∆) := L2(∆, 1). Assume that
∫ l

0
ρ(x) dx < ∞. Let ACk (k ≥ 0) be the set of functions u

that have absolutely continuous on [0, l] derivative u(k), u(0) := u, with the norm

∥u∥ACk = max
0≤i≤k

∣∣∣u(i)(0)
∣∣∣+
∫ l

0

∣∣∣u(k+1)(x)
∣∣∣ dx.
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Introduce the bilinear form

[u, v] :=

∫ l

0

(
u(m)(x)v(m)(x) +R(x)uv

)
dx−

∫ l

0

dx v(x)

∫ l

0

u(s)dsr(x, s).

Let W is the Hilbert space of functions in ACm−1, satisfying the conditions (5) and [u, u] < ∞,
with scalar product [u, v]. Let T : W → L2(∆, ρ) be the operator defined by Tu(x) := u(x),
x ∈ ∆.

Theorem 1. The spectral problem Lu = λTu under boundary conditions (5),(6) has complete
and orthogonal in L2(∆, ρ) system of eigenfunctions: Luk = λkTuk, k = 0, 1, 2, . . .. The
eigenvalues are bounded from below and have the unique density point +∞, that is, λ0 ≤ λ1 ≤
· · · , and λk → ∞. If λ is not an eigenvalue, the BVP Lu− λTu = f has unique solution in W
for any f ∈ L2(∆, ρ).

Keywords: quadratic functional, spectrum, positive solution

Category: Analysis
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Abstract

In this paper, we introduce a hybrid-type proximal point algorithm for approximating zero of
monotone operator in Hadamard-type spaces. We then prove that a sequence generated by the
algorithm involving Mann-type iteration converges strongly to a zero of the said operator in
the setting of flat Hadamard spaces. To the best of our knowledge, this result presents the first
hybrid-type proximal point algorithm in the space. The result is applied to convex minimization
and fixed point problems.

Keywords: Fixed Points, Proximal point algorithm, Hybrid-Type algorithm, Flat Hadamard
spaces

Category: Analysis
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Properties of Bishop - Phelps cone in a Banach space

Mokhwetha Mabulaa & Sello Mbambob
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Abstract

In this talk, we study some properties of a Bishop - Phelps cone (BP - cone for short). This cone
is of this form:

Cf = {x ∈ X : ∥x∥ ≤ f(x)} where X is a normed space and f ∈ X∗, dual of X .

The existence of a non - solid BP cone, Cf , in a non - reflexive Banach space is investigated.
We present the partial result of I. Polyrakis et. al to the question posed by Qui for separable non
- reflexive spaces with different proof using BP cones. Finally the extention to non - separable
spaces is been considered.

Category: Analysis
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Highly accurate multi-domain multivariate spectral collocation method for
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Abstract

The novelty of this work rests upon the use of the domain partitioning technique in time vari-
able when discretizing the domain of solution in spectral collocation algorithm. The single
domain multivariate spectral collocation-based methods have been proven to be effective in
solving time-dependent partial differential equations (PDEs) defined over small time domains.
However, there is a significant loss of accuracy as time computational domain proliferates and
also when the number of grid nodes approaches a definite particular number. Therefore, the es-
tablishment of the new innovative multi-domain multivariate spectral quasilinearisation method
(MDMV-SQLM) is described for the purpose of solving (2+1) dimensional nonlinear PDEs
defined on large time intervals. The main output of this study is confirmation that minimizing
the size of time computational domain at each subinterval assures sufficiently accurate results
that are attained using minimal number of nodal points and less computational time. To high-
light the efficiency and accuracy of the MDMV-SQLM, error estimates, condition numbers and
computational time are presented for well known (2+1) dimensional nonlinear Burger’s PDEs.
The adoption of the domain decomposition technique is efficacious in suppressing the numer-
ical challenges linked to large matrices and ill-conditioned nature of the resulting coefficient
matrix. Also, the obtained results confirm that the numerical scheme is computationally cheap,
fast and yield extremely accurate and stable results using fewer number of grid points for large
time domains.

Keywords: Multi-domain, Multivariate spectral quasilinearisation method, (2+1) dimensional
Burger’s equations, Trivariate Lagrange interpolation, Kronecker tensor product

Category: Analysis
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Developing Higher order Unconditionally Positive Finite Difference Method
for the Advection Diffusion Reaction Equations
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Abstract

In this paper, higher order unconditionally positive finite difference (HUPFD) methods are de-
veloped to solve linear and non-linear advection-diffusion-reaction (ADR) equations. The sta-
bility and consistency of the developed methods are analyzed, which are necessary and sufficient
for convergence to the exact solution. The Von Neuman condition is used to analyze the stability
since we are dealing with the Cauchy problem. The proposed method’s efficiency and effec-
tiveness is investigated by calculating the error, convergence rate, and computational time. A
comparison of the solutions obtained by the higher order unconditionally positive finite differ-
ence and analytical methods is conducted for validation purposes. The numerical results show
that the developed method preserve the solution accuracy. The results also show that increasing
the order of the unconditionally positive finite difference leads to the implicit scheme that is
unconditionally stable with an increased order of accuracy with respect to time and space..

Keywords: Higher order unconditionally positive finite difference method, unconditionally
positive finite difference method, advection diffusion reaction equations, Von Neuman stability
analysis, Consistency and Stability analysis.

Category: Analysis
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An integral deferred correction method for two-point boundary value
problems

S’yanda Mungwe
University of Stellenbosch

mungwes@sun.ac.za

Abstract

Ordinary and partial differential equations, and in particular boundary value problems (BVPs)
and initial-boundary value problems, are ubiquitous in applications from science and engineer-
ing. Numerical approximations are typically required, usually with some kind of method of
lines approach to separate the time and space variable discretisations. If high accuracy is re-
quired, then spectral methods can be used to discretise the spatial part. There are many tech-
niques for finding solution of BVPs, such as finite difference methods, shooting methods and
finite elements, but these are typically low accuracy in space. Greengard et al. introduced in
2000 the idea of spectral deferred correction (SDC), which allows an efficient way to get spec-
tral accuracy (geometric convergence) in time. The method achieves the spectral accuracy in
time through the correction function developed using Picard integral equation, repeatedly cor-
recting errors from a low order method to obtain high order accuracy. In this talk, we discuss
the integral deferred correction (IDC) approach for BVPs. Rather than using the Picard inte-
gral equation, IDC uses a function developed from implicit defect errors to repeated correct
errors from finite difference methods. It is through using quadrature rule in error function that
the methods achieve high order accuracy. IDC is proposed as efficient way to get the spectral
accuracy in space due to the sparsity of matrix applied in ’backslash’ in each correction.

Keywords: Integral deferred correct, Boundary value problems

Category: Scientific Computing and Numerical Mathematics
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Symmetry classification of a coupled system of ordinary differential
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c Department of Mathematical Sciences, University of South Africa, UNISA, Pretoria 0003,
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Abstract

We perform a complete symmetry analysis of a generalized Lane-Emden-Klein-Fock system
with central symmetry. Several cases for the non-equivalent forms of the arbitrary elements are
obtained. Moreover, a symmetry reduction for some cases is performed.
Keywords: Lie group classification; Equivalent transformation; Lie point symmetries; simi-

larity reduction.

Category: Analysis
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Sets with the Baire property in topologies defined from Vitali selectors of the
real line

Venuste NYAGAHAKWA
University of Rwanda

venustino2005@yahoo.fr

Abstract

Let V be a Vitali selector related to a countable dense subgroup Q of the additive topologi-
cal group (R,+) of real numbers. In this paper, we discuss different properties of the space
(R, τ(V )), where τ(V ) is a topology having the collection {V + q : q ∈ Q} as a base.
We prove that if W is a Vitali selector related to a countable dense subgroup P of (R,+)
different from Q, then the spaces (R, τ(V )) and (R, τ(W )) are homeomorphic. As a conse-
quence, the family of sets having the Baire property in (R, τ(V )) and the family of sets with
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the Baire property in (R, τ(W )) are Baire congruent; that is, there exist bijective mappings
f : (R, τ(V )) −→ (R, τ(W )) and g : (R, τ(W )) −→ (R, τ(V )) which preserve the Baire
property. We further look at the Baire congruence relation between the families of sets with
the Baire property in ∗-topologies defined from τ(V ) by using ideals of sets in Janković and
Hamlett sense.

Keywords: Baire Property, Baire congruent, Vitali selectors, Partition Topology.

Category: Analysis
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Common Attractors of Generalized Iterated Function Systems
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Abstract

In this talk, we develop some some new common attractors with the assistance of finite families
of generalized contractive mappings, that belong to the special class of mappings defined on a
partial metric space. Consequently, a variety of results for iterated function systems satisfying
a different set of generalized contractive conditions are acquired. We present some examples
to reinforce the results proved herein. These results generalize, unify and extend a variety of
results that exist in current literature.
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An inertial method for Split Equality Common f, g-fixed point problems of
f, g-pseudocontractive mappings in Reflexive real Banach Spaces
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Abstract

Let E1, E2, and E3 be reflexive real Banach spaces with duals E∗
1 , E∗

2 , and E∗
3 , respectively.

The split equality common f, g−fixed point problem (SECFPP) is defined as finding a point
(x∗, y∗) ∈ E1 × E2 such that

(x∗, y∗) ∈ (Ff (T1) ∩ Ff (T2))× (Fg(S1) ∩ Fg(S2)) : Ax
∗ = By∗, (7)

where f : E1 → (−∞,+∞] and g: E2 → (−∞,+∞] are proper, lower-semi-continuous and
Gâteaux differentiable convex functions, T1, T2: E1 → E∗

1 are f−pseudocontractive and S1, S2:
E2 → E∗

2 are g−pseudocontractive mappings, A: E1 → E3 and B: E2 → E3 are bounded
linear mappings. The notation Ff (T ) stands for the set of f−fixed points of a mapping T .

This problem is connected with many problems in nonlinear analysis and optimization such as
convex minimization problems, split feasibility problems, variational inequality problems and
equilibrium problems. Due to its diverse applications in economics, medicine, and engineering,
the techniques and methods for solving (7) have received much attention.

This study introduced an inertial method for solving Split Equality Common f, g− Fixed Point
Problem (SECFPP), which involves f, g−pseudocontractive mappings in reflexive real Banach
spaces. A strong convergence theorem is established under the assumption that the mappings
under consideration are uniformly continuous f, g−pseudocontractive. A numerical example is
also provided to demonstrate the effectiveness of the proposed algorithm.

The results in this study generalize and improve many of the results in the literature in the sense
that the underlying spaces are reflexive Banach spaces which are more general than Hilbert
spaces.

Keywords: Banach spaces, Bregman distance, f−fixed points, f−pseudocontractive mapping,
maximal monotone mapping, split equality, strong convergence, uniform continuity.

Category: Analysis
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The link between exchange rates and commodity prices is not always the
same: Lessons from Mozambique
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Abstract

We estimate multivariate autoregressive conditional heteroskedasticity models (M-GARCH)
seeking to identify the patterns of co-movement among exchange rates and commodity prices,
in different situations as to marked behavior in terms of currency appreciation, depreciation and
stability. We derive lessons from Mozambique, particularly tailored to the aimed setup and fur-
ther adding up a perviewed Dutch disease situation. Taking data for Mozambican New Metical
(MZN) against South African Rand (ZAR) and also against Great Britain Pound (GBP), plus
the quote of price of Coal for Africa (CZA), we employ models in the class of conditional corre-
lations of the M-GARCH family and run three-variate models to a full sample from 2010-2014
and to four sub-samples: 2010, time of depreciation; 2011, time of appreciation; 2012, stability
period; 2013-2014, stability with some appreciation. Results suggest that the link across mar-
kets, namely exchange rates and commodity prices, is not always the same, it depends on the
type of ”systematic” behavior of the exchange rate.

Keywords: Exchange rates, commodities, M-GARCH, transmission across markets.

Category: Statistics
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Effectiveness of vaginal microbicides in preventing HIV transmission
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Abstract

We evaluated evidence on the effectiveness of vaginal microbicides in preventing HIV transmis-
sion in women. We carried out a systematic review through a comprehensive search of relevant
electronic databases for eligible randomised controlled trials (RCTs) published through June
2019. Two authors independently screened titles and abstracts according to eligibility criteria,
then extracted data and assessed risk of bias of included studies. We conducted a random-effects
meta-analysis of risk ratios (RR) of HIV infection and assessed heterogeneity using the Chi-
squared test and the I2 statistic. Sources of heterogeneity were investigated through subgroup
analysis, publication bias was assessed using funnel plots, and certainty of evidence was graded
using GRADEPro software. We included 18 RCTs which enrolled 40,048 sexually active, HIV-
negative, non-pregnant women, aged 16 years and older, mainly from sub-Saharan Africa. The
intravaginal ring containing Dapivirine significantly reduced HIV risk by 29% (RR 0.71, 95%
CI: 0.57–0.89; 2 RCTs, 4,564 women, moderate certainty of evidence). Estimates of effect of
tenofovir 1% (RR 0.83, 95% CI: 0.65–1.06), nonoxynol-9 (RR 1.15, 95% CI: 0.93–1.42), cel-
lulose sulphate (RR 1.16, 95% CI: 0.61–2.21), SAVVY (RR 1.34, 95% CI: 0.69–2.59), Carra-
guard (RR 0.89, 95% CI: 0.71–1.10), BufferGel (RR 1.02, 95% CI: 0.71–1.46), 0.5% PRO2000
(RR 0.88, 95% CI: 0.60–1.28) and 2% PRO2000 (RR 0.81, 95% CI: 0.58–1.12) failed to reach
statistical significance; each had low certainty of evidence. The long-acting intravaginal ring
containing Dapivirine significantly reduced risk of HIV transmission in women by 29%. The
remaining microbicides had no evident effect.

Keywords: Dapivirine, HIV prevention, meta-analysis, systematic review, vaginal microbicide

Category: Biostatistics
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ABSTRACT

We study the quasi-stationary distribution of a discrete SIQ Stochastic model. The model cho-
sen investigated the dynamic behaviour of the recent novel Corona Virus (Covid-19) as pro-
posed by Din et al. (2020). The Quasi-stationary distribution helps us understand the long term
behaviour of stochastic processes which persist before absorption. First we define the concept
of quasistationarity, we then approximate the quasi-stationary distribution of the model and in-
vestigate the resulting simulations of the distribution. From observing the simulations we notice
convergence towards stationarity under certain conditions.

Keywords: Quasi-Stationary Distribution, Stochastic Models, Markov Processes,Probability
Measures.
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The Marshall-Olkin-Odd Power Generalized Weibull-G Family of
Distributions with Applications of COVID-19 Data
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ABSTRACT

Attempts have been made to define new families of distributions that provide more flexibility for
modelling data that is skewed in nature. In this work, we propose a new family of distributions
called Marshall-Olkin-odd power generalized Weibull (MO-OPGW-G) distribution based on
the generator pioneered by Marshall and Olkin [?]. This new family of distributions allows for
a flexible fit to real data from several fields, such as engineering, hydrology and survival analy-
sis. The mathematical and statistical properties of these distributions are studied and its model
parameters are obtained through the maximum likelihood method. We finally demonstrate the
effectiveness of these models via simulation experiments and applications to COVID-19 daily
deaths data sets.

Keywords: Marshall-Olkin-G, Maximum Likelihood Estimation, Power Generalized Weibull
Distribution, Simulation.
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Comparison of Parametric methods and Matrix completion methods on
recovery of missing data on Ecological data : Case of Principal Component

Analysis
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Abstract

Standard multivariate techniques like Principal Component analysis(PCA) which are based on
the Singular Value Decomposition (SVD) of a data matrix (e.g., covariance matrix) require
complete data . Missing data or incomplete data is a relatively common problem in almost all
research that involves data collection including ecological data which uses PCA for Ordination
that is displaying the differences between samples graphically into fewer dimensions than the
original data.In this paper we compare the parametric methods of Multiple imputation and the
matrix completion method on the recovery of missing data . The parametric methods are based
on assumption of normal, independent distribution while the matrix completion is based on
assumptions of low rank approximation .

Keywords: : multiple imputation, EM algorithm, Singular value decomposition, Principal com-
ponent analysis, Missing Values ;
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Using Generalized Structured Additive Regression Models to determine
factors associated with and clusters for COVID-19 hospital deaths in South
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Abstract

Background: The first case of COVID-19 in South Africa was reported in March 2020 and the
country has since recorded over 3.6 million laboratory-confirmed cases and 100 000 deaths as
of March 2022. Transmission and infection of SARS-CoV-2 virus and deaths in general due to
COVID-19 have been shown to be spatially associated but spatial patterns in in-hospital deaths
have not fully been investigated in South Africa. This study uses national COVID-19 hospi-
talization data to investigate the spatial effects on hospital deaths after adjusting for known
mortality risk factors.
Methods: COVID-19 hospitalization data and deaths were obtained from the National Institute
for Communicable Diseases (NICD). Generalized structured additive logistic regression model
was used to assess spatial effects on COVID-19 in-hospital deaths adjusting for demographic
and clinical covariates. Continuous covariates were modelled by assuming second-order ran-
dom walk priors, while spatial autocorrelation was specified with Markov random field prior
and fixed effects with vague priors respectively. The inference was fully Bayesian.
Results: The risk of COVID-19 in-hospital mortality increased with patient age, with admis-
sion to intensive care unit (ICU) (aOR=4.16; 95% Credible Interval: 4.05-4.27), being on
oxygen (aOR=1.49; 95% Credible Interval: 1.46-1.51) and on invasive mechanical ventila-
tion (aOR=3.74; 95% Credible Interval: 3.61-3.87). Being admitted in a public hospital (aOR=
3.16; 95% Credible Interval: 3.10-3.21) was also significantly associated with mortality. Risk of
in-hospital deaths increased in months following a surge in infections and dropped after months
of successive low infections highlighting crest and troughs lagging the epidemic curve. Af-
ter controlling for these factors, districts such as Vhembe, Capricorn and Mopani in Limpopo
province, and Buffalo City, O.R. Tambo, Joe Gqabi and Chris Hani in Eastern Cape province re-
mained with significantly higher odds of COVID-19 hospital deaths suggesting possible health
systems challenges in those districts.
Conclusion: The results show substantial COVID-19 in-hospital mortality variation across the
52 districts. Our analysis provides information that can be important for strengthening health
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policies and the public health system for the benefit of the whole South African population.
Understanding differences in in-hospital COVID-19 mortality across space could guide inter-
ventions to achieve better health outcomes in affected districts.

Keywords: COVID-19; spatial effects; health systems; hospitalizations; nonlinear effects; clus-
ters; deaths

Category: Statistics
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Abstract

Recent developments in multi-state models have often considered discrete time when mod-
eling transition intensities. These developments have included univariate multilevel models
to account for possible dependence among events that are recurrent in the same subject. We
propose a multivariate discrete-time survival model with multiple state transitions where each
specific transition has its own separate random effect and the interest is on measuring depen-
dence both between-and within-transitions. Multivariate Normal model for the random effects
is suggested. The model parameters are estimated using maximum likelihood methods with
non-adaptive Gaussian quadratures numerical integration. The proposed methodology was ap-
plied to a real-life data set from an ongoing longitudinal study based on life course history
on marriage formation and dissolution events in rural KwaZulu-Natal of South Africa. The five
events under consideration in the multi-state process were transition into a first marriage, exiting
a marriage through separation, exiting a marriage through death of a partner, re-marriage after
a separation and remarriage from widowhood. The model produced smaller standard errors and
narrower confidence intervals compared to those from univariate models. Results showed the
presence of very small unobserved subject-to-subject heterogeneity for each transition and a
weak positive correlation between events.
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Keywords: Discrete-time-to-event, Multi-state models, Random effects, Multivariate Compet-
ing risks, Gauss-Hermite

Category: Biostatistics
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Abstract

The onset of the COVID-19 pandemic has decimated several industries within the South African
economy including the financial industry. The impact of the COVID-19 crisis on economic ac-
tivity, commercial banks and financial stock markets required the central bank to have tactical
responses and risk management tools that ensure financial stability. This study aims to inves-
tigate the fit of the GPD-Normal-GPD (GNG) mixed models fitted for three FTSE/JSE indices
namely All Share Index (ALSI), Banks Index and Mining Index and the USD/ZAR currency
exchange rate. Value at Risk (VaR) assesses market risk and many financial corporations often
aspire reliable VaR estimates. VaR estimates and the Kupiec likelihood backtesting procedure
are calculated to evaluate the tail behaviour of the fitted GNG models. Favourable results high-
light the robustness of the GNG mixed model for each daily returns. This research confirms the
use of the GNG mixed model aimed at accounting for the many characteristics of financial data
such as heavy tails and asymmetry. Financial practitioners looking to curb losses and explore
alternatives for financial modelling in the South African financial industry using an extreme
value mixed model approach may gain the most by implementing the GNG model.
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GIS based spatial modelling of Covid-19 incidence rates in Mozambique
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Abstract

The World Health Organization declared COVID-19 pandemic outbreak a global concern, due
to the rapid spread of the disease and the United Nations described it as a social, human and
economic crisis. In recent years, studies about COVID-19 pointed specific risk factors as agents
that increase the risk of disease or infection. Hence, the present study aims to identify and
determine influence of potential risk factors contributing to the COVID-19 incidence rates, con-
sidering different spatiotemporal variation in Mozambique. Spatial regression models were
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applied in this study to fulfill the objective. Data from demographic, educational, environmen-
tal and socioeconomic thematic were collected and analyzed to explain the spatial and temporal
variability of this disease incidence. The developed models are grouped in global (Ordinary
Least Squares, Spatial Lag Model and Spatial Error Model) and local regression models (Ge-
ographic Weighted Regression and Multi-scale Geographic Weighted Regression). As results,
the models identified, at province level, the following variables as risk factors: Literacy level
and Health access points rates in the first wave; Malaria, Education, Literacy and HIV rates in
second wave; and HIV and doctors per health access points units rates in third wave, with R2
greater than 79%. It take us to conclude that interventions in Literacy Level and HIV rates are
globally required. At district level, the models pointed Education Access Points rate with R2
values of 78.1%, 74.6% and 78.4% in first, second and third waves respectively, as risk factor.
Therefore, policies related to Education Access Points locally in the south and south side of
center region of Mozambique.

Keywords: Pandemic, Risk Factors, Spatiotemporal Variation, Spatial Regression Models, Ed-
ucation Access points.

Category: other
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Microscopic Numerical Simulations of Stochastic Epidemic Models

Mokaedi V. Lekgari
Botswana International University of Science and Technology

lekgarim@biust.ac.bw

Abstract

We study epidemic models with interest in probabilistic individuals’ interactions as a driver
of state variable dynamics in the spread of communicable diseases. We implement numerical
simulations for discrete stochastic processes such as branching processes, discrete-time Markov
chains (DTMCs) and continuous-time Markov chains (CTMCs) and continuous stochastic pro-
cesses such as stochastic differential equations (SDEs) systems.

Keywords: Epidemic models; Simulation; Stochastic Models

*********************************

Topp-leone gompertz exponentiated half logistic-g (tl-gom-ehl-g) family of
distributions with applications

Neo Dingaloa, Broderick Oluyedeb, & Fastel Chipepad

a Botswana International University of Sciences and Technology, Botswana
neo.dingalo@studentmail.ac.bw

b Botswana International University of Sciences and Technology, Botswana
oluyedeo@biust.ac.bw

c Botswana International University of Sciences and Technology, Botswana
chipepaf@biust.ac.bw

Southern Africa Mathematical Sciences Association Annual Conference - SAMSA 2022
November 22 - 25, 2022

40

mailto:lekgarim@biust.ac.bw
mailto:neo.dingalo@studentmail.ac.bw
mailto:oluyedeo@biust.ac.bw
mailto:chipepaf@biust.ac.bw


Abstract

This paper introduces and investigates a new family of distributions called the Topp-Leone-
Gompertz-exponentiated half logistic-G (TL-Gom-EHL-G) distribution. Some mathematical
and statistical properties of this family of distributions are derived. To estimate and evaluate the
model parameters, the maximum likelihood estimation technique is used, and the consistency
of maximum likelihood estimators is examined using simulation. Applications to two real data
sets from different areas demonstrates the usefulness and versatility of the TL-Gom-EHL-G
family of distributions.

Keywords: Topp-Leone Distribution, Gompertz Distribution, Exponentiated Half Logistic Dis-
tribution, Maximum Likelihood Estimation, Simulation Study, Goodness-of-fit Statistics

Category: Statistics
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Statistical education in Mozambique: what lessons we learned and what’s
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Abstract

Since 2004, high education in statistics is offered in Mozambique with over 350 graduates now
called upon to work in various spheres of economic and social development, such as the institu-
tions of the national statistical system, banking and finance, insurance companies, educational
and research institutions, industry, among others. With the advancements in the computing ca-
pabilities and ever-increasing demand in data analysis, statistics can no longer be seen as just
another mathematical area but rather as the science of learning from data, with a large-scale use
of mathematical and computational tools and a focused scientific agenda. I will try to reflect on
what have we learnt over the last 18 years and what opportunities lay ahead amidst the growth
of data science and artificial intelligence.
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Keywords: statistical education, statistics, data science, artificial intelligence
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Cryptocurrencies and tokens lifetime analysis from 2009 to 2021
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Abstract

The success of Bitcoin has spurred emergence of countless alternative coins with some of them
shutting down only few weeks after their inception, thus disappearing with millions of dollars
collected from enthusiast investors through initial coin offering (ICO) process. This has led in-
vestors from the general population to the institutional ones, to become skeptical in venturing in
the cryptocurrency market, adding to its highly volatile characteristic. It is then of vital interest
to investigate the life span of available coins and tokens, and to evaluate their level of survivabil-
ity. This will make investors more knowledgeable and hence build their confidence in hazarding
in the cryptocurrency market. Survival analysis approach is well suited to provide the needed
information. In this study, we discuss the survival outcomes of coins and tokens from the first
release of a cryptocurrency in 2009. Non-parametric methods of time to event analysis namely
Aalen Additive Hazards Model (AAHM) trough counting and martingale processes, Cox Pro-
portional Hazard Model (CPHM) are based on six covariates of interest. Proportional hazards
assumption (PHA) is checked by assessing the Kaplan-Meier estimates of survival functions at
the levels of each covariate. The results in different regression models display significant and
non-significant covariates, relative risks and standard errors.Among the results, it was found
that cryptocurrencies under standalone blockchain were at a relatively higher risk of collapsing.
It was also found that the 2013-2017 cryptocurrencies release was at a high risk as compared
to 2009-2013 release and that cryptocurrencies for which headquarters are known had the rela-
tively better survival outcomes. This provides clear indicators to watch out for while selecting
the coins or tokens in which to invest.

Keywords: Cryptocurrency, blockchain, survival function, risk, weight, hazard ratio

Category: Statistics
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Abstract

Research purpose: SARS-CoV-2 (Covid-19 virus) infection exposed the unpreparedness of
African countries to health-related issues, South Africa included. Africa recorded more than
211 853 deaths due to Covid-19. South Africa faced the highest number of casualties. This
study aimed to estimate the risk of fatalities due to Covid-19 infection for an African country
hard hit by the pandemic.
Research approach/ Methodology: We use the value-at-risk (VaR) concept in financial time
series analysis to estimate the risk of deaths. We used the data set of the daily number of deaths
due to Covid-19 infection in this study. The data exhibits non-normality, structural breaks
and volatility clustering. The Markov switching-GARCH-type (MS-GARCH) model combined
with heavy-tailed distributions is appropriate for this data, the heavy-tailed distributions em-
ployed are the Student’s-t distribution (StD), Skewed Student’s-t distribution (SStD), normal
reciprocal inverse Gaussian distribution (NRIGD), and Pearson’s type IV distribution (PIVD),
were developed to estimate the risk of deaths. The model performances were assessed using the
Kupiec likelihood ratio test.
Main findings: The results show that the MS-GARCH-NRIGD is the best model at 90 per-
cent. At 95 percent the MS-GARCH-SStD and MS-GARCH-PIVD are the best models, and
MS-GARCH-StD, MS-GARCH-NRIGD, MS-GARCH-PIVD are the best at 97.5 percent. The
MS-GARCH-NRIG is the best model at 99 percent. Overall MS-GARCH-NRIGD is the best
model, it outperforms all the models at almost all the levels. The VaR results showed that with
a probability of 0.95, the number of deaths that will occur on the 27th, 28th and 29th of August
2021 will be greater than 278,211, and 134 respectively, the actual values are 361,274 and 134.
Practical implications: The outcomes of this study are expected to be of salient value to health
analysts, policymakers, and researchers in bio-statistics, thus giving a better understanding of
the Covid-19 pandemic.
Contributions/value-add: The Markov-switching (3)-GARCH model combined with heavy-
tailed distributions provides a good option for modelling the daily number of deaths in a pan-
demic.

Keywords: MS-GARCH, SARS-CoV-2 infection, death, volatility models; value-at-risk; heavy-
tailed distributions; back testing.
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Abstract

This paper is concerned with the development and application of a new measure of multivariate
spatial autocorrelation. The new measure is based on the approach of canonical correlation.
Our derived statistic provided an accurate degree of multivariate spatial clustering and identi-
fied joint local spatial clusters of the analysed mortality rates. Joint local clusters were revealed
for the three mortality rates. The identified co-clusters may be targeted in integrated interven-
tion and monitoring programs. The usefulness of the proposed multivariate spatial clustering
measure was assessed by a comparative study with another recently developed multivariate spa-
tial autocorrelation measure and analysis of noncommunicable disease-related mortality rates
in South Africa.

Keywords: Multivariate analysis, Spatial statistics, Moran’s I, Canonical correlation , Regres-
sion analysis

Category: Statistics
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Abstract

In this paper, a detailed review of the concepts of Quantum Fourier Transformation (QFT) and
Quantum Phase Estimation (QPE) is given. We present the mplementation of these concepts
using Qiskit simulation in which QFT is performed on qubits encoded with real values. In addi-
tion, we exmeplify an instance of QPE in estimating a parameter to a level of four qubits preci-
sion. Findings indicate that these concepts are simply implementable as against the theoretical
descriptions and in addition, QPE as a subroutine or black box within quantum algorithms is
a useful tool in approximating unknown phase factor of simulation algorithms. Lastly, various
promising applications of QFT and QPE are stated.

Keywords: Quantum computing, quantum Fourier transform, quantum circuit, quantum algo-
rithms, quantum measurement.
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Learning deep linear neural networks: Riemannian gradient flows and
convergence to global minimizers

Southern Africa Mathematical Sciences Association Annual Conference - SAMSA 2022
November 22 - 25, 2022

45

mailto:saladinoyi@gmail.com
mailto:eoayoola@gmail.com


Bubacarr Baha, Holger Rauhutb, Ulrich Terstiegeb & Michael Westdickenbergc

a African Institute for Mathematical Sciences & Stellenbosch University, South Africa
bubacarr@aims.ac.za

b Chair for Mathematics of Information Processing, RWTH University, Germany
rauhut@mathc.rwth-aachen.de, terstiege@mathc.rwth-aachen.de

c Institute for Mathematics, RWTH University, Germany
mwest@instmath.rwth-aachen.de

Abstract

We study the convergence of gradient flows related to learning deep linear neural networks
(where the activation function is the identity map) from data. In this case, the composition of
the network layers amounts to simply multiplying the weight matrices of all layers together,
resulting in an overparameterized problem. The gradient flow with respect to these factors can
be re-interpreted as a Riemannian gradient flow on the manifold of rank-r matrices endowed
with a suitable Riemannian metric. We show that the flow always converges to a critical point
of the underlying functional. Moreover, we establish that, for almost all initializations, the flow
converges to a global minimum on the manifold of rank matrices for some k ≤ r.

Keywords: Gradient flows, Deep linear neural networks, Manifold of rank-r matrices, Global
minimum, Overparameterized problem, Riemannian gradient flow
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Abstract

We prove a one-sided sharp maximal inequality for a randomly stopped Bessel process of di-
mension 1 ≤ α < 2. For the special case when α = 1, we obtain a sharp Burkholder-Gundy
inequality for Brownian motion as a consequence.

Keywords: Bessel processes, Burkholder-Gundy inequality, optimal stopping problem
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Abstract

In this work, we study the convergence properties of gradient descent for training deep linear
neural networks, i.e., deep matrix factorizations, by extending a previous analysis for the related
gradient flow. We show that under suitable conditions on the step sizes gradient descent con-
verges to a critical point of the loss function, i.e., the square loss in this study. Furthermore, we
demonstrate that for almost all initializations gradient descent converges to a global minimum
in the case of two layers. In the case of three or more layers we show that gradient descent
converges to a global minimum on the manifold matrices of some fixed rank, where the rank
cannot be determined a priori.

Keywords: Deep Learning, Gradient descent, Boundedness, Balancedness, Convergence
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Abstract

Covid-19 pandemic has brought devastating impact in the world. The surge in the number of
daily new cases and deaths around the world and in South Africa in particular has increased
fear, psychological break-down and uncertainty among the population, leading many to resolve
to prayer, meditation, consumption of religious media as coping measures. How have these
measures been perceived at each individual level? Social media appears to be a good platform
to provide us with significant insights to this question. There has been a growing interest in
exploring big data via online platforms which provide real-time evidence to assess social atti-
tudes on various topical issues and saves a lot of time and cost in gathering data. Giving the
concise language used in tweets and the ability to obtain information about a public opinion
by analyzing Twitter data and automatically classifying their sentiment polarity, twitter senti-
ment analysis has brought significant insight in many research areas. In this study, the Valence
Aware Dictionary and sEntiment Reasoner (VADER) is used to determine the polarity of tweets
and to classify them according to multiclass sentiment analysis. We extract four sets of tweets
related to Covid-19, religion, life purpose and life experience respectively. A religiosity in-
dex is build based on VADER sentiment score which provide a time-varying attitude/sentiment
of the population during the crisis period. Then a Granger causality is conducted to test the
causal relationship between the four variables. While the findings reveal that religiosity index
Granger-causes Life experience, Covid-19 similarly Granger-causes Life experience confirming
the reality of perturbations and shocks in the life of many. This study goes further to assess the
level of impact each of these variables contribute to individual life at the time of extreme stress
and psychological break-down by computing the Conditional Threshold of Depression (CToD).
It measures the threshold of the population as a whole entering into depression given that one
of the indicator variables is at its threshold of depression. Life purpose sentiment indicator is
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top-ranked in terms of Threshold of depression, followed by Life experience sentiment indica-
tor, and therefore these scores can be used to monitor when to place a region on a high alert
of depression. Despite the coping mechanism of spirituality or religion, in time of crisis, for
the population under study, a Threshold of depression exceeding 0.65 for the religiosity index
should be of concern and necessitate complementary intervention.

Keywords: religiosity index, VADER sentiment score, Covid-19

Category: Data Science
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Abstract

The study of solutions for Partial Differential Equations (PDEs) has been around for some time
and only continues to grow. Various numerical algorithms have been put forth for this matter,
the most recent one being machine learning approaches, which enable solution search with less
tasking on the person doing the search, due to unsupervised learning. Consider the differential
operators as depicted below; {

N (x, u) = 0 in Ω

B(x, u) = 0 in ∂Ω
(8)

where Ω is the boundary and ∂Ω is the interior of the boundary. In our work, we briefly review
some seminal results in this area, demonstrate how machine learning (deep neural networks
(DNNs)) can optimally solve any PDE of this nature, design a suitable loss function, optimal
weights selection, contemplate on mathematical questions surrounding deep learning for PDEs
such as accuracy, stability and robustness, as well as present results for extension of Deep
learning to solving free boundary problems.

Keywords: Partial Differential Equations, Deep Learning, Optimization, Neural Networks,
Free Boundary Problems

Category: Numerical Analysis, Data Science, Partial Differential Equations
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Abstract

One of the best-known models in network science is the preferential attachment model, which
generates power-law degree distributions. Although this model involves individuals making
decisions to form connections (to cite a paper, follow a person on social media, etc.), these
decisions are not based solely on local information, i.e. the probability of joining a node depends
on a proportion, which is normalized by the sum of the degrees of all members of the population.
This is an important limitation in biological, physical, and social interpretations of the model.
In this paper, we investigate a truly local model of network formation: based on the idea of a
friend of a friend. In this model, individuals joining the network choose one node entirely at
random and link to it with probability p, then they choose a neighbour of that node (friend of a
friend) and follow that individual with probability q. While such a model has previously been
proposed [1] , we identify some important and previously unknown properties of networks that
emerge from it. We find that the model can produce power-law degree distributions and node
clustering reminiscent of small-world networks. But perhaps most surprisingly, for small p and
q = 1, the model produces super-hub networks. Specifically, we prove that for p = 0 and q = 1,
the proportion of non-hubs tends to 1 as the number of nodes goes to infinity. This contradicts
claims by Barab´asi [2] and other researchers [1, 3, 4] that this mechanism generates a linear
preferential attachment. Instead, we show that power-law degree distributions, small world
clustering, and super-hub networks are outcomes of this, more general, yet conceptually simple
model.

Keywords: Networks, power-laws, degree distributions, clustering coefficients
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Abstract

Let G be a connected graph. An i-packing in G is a set of vertices that are pairwise distance
more than i apart. A packing colouring of G is a partition X = {X1, X2, . . . , Xk} of V (G)
such that each colour class Xi is an i-packing. The packing chromatic number of G, denoted
by χρ(G) is the minimum order k of a packing colouring. We call a graph G uniquely k-χρ-
packable if χρ(G) = k and G has a unique packing colouring of order k.

In this talk, we present some known results on the packing chromatic number of a graph and
investigate uniquely-packable trees. We characterise the uniquely 3-χρ-packable trees, and in-
vestigate the existence of trees T for which there is only one packing colouring using χρ(T )
colours.

Keywords: colouring, broadcast, packing, tree, uniquely colourable
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*********************************

On proximity and remoteness in directed graphs
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Abstract

In a strong, finite digraph D of order n, the distance dD(u, v) from vertex u to vertex v is the
length of a shortest u − v path in D. The average distance σ̄(x) of a vertex x of D is the
arithmetic mean of the distances from x to all other vertices of D. The remoteness ρ(D) and
proximity π(G) of D are the maximum and the minimum of the average distances of the vertices
of D, respectively.
In 2021, Ai et al. [1] showed that for any pair of vertices in D, their average distances can differ
by no more than 1

2
(n− 2). This suggests a natural question if there is a simple characterisation

of all digraphs where all vertices have the same average distance.
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In this talk, we discuss the above characterisation for strong tournaments and we further present
an infinite family of non-regular strong digraphs D such that ρ(D) = π(D).

Keywords: average distance, transmission, distance

Category: Graph Theory
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Tallman Nkgaua, George Andersonb

a Department of Computer Science, University of Botswana
nkgautz@ub.ac.bw

b Department of Computer Science, University of Botswana
andersong@ub.ac.bw

Abstract

In this research, we consider several graph similarity algorithms, and study issues in parallelis-
ing them. We use a High Performance Computing cluster as a target parallel architecture. The
algorithms we consider are Jaccard, Neighbour Matching, and Zager-Verghese. A parallel al-
gorithm implementation framework is used to help with this task. Several issues are identified
and their mitigation proposed.

Keywords: Graph Similarity, Parallel Algorithms
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8 FINANCIAL MATHEMATICS

Weather derivative pricing under two stochastic volatility model
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Abstract

One of the recent research interest in finance mathematics is devoted to the weather derivative,
a climate financial instrument that is traded depending on the events such as the amount of
rainfall, the temperature, amount of windy and others. This instruments can be used to protect
investments that for example, depends on a specific weather event. We consider a case where
a weather event (for example temperature) is an stochastic process governed by two stochastic
volatilities one being more frequently changing than the other. We develop the model, construct
an option contract and determine an approximate price of the option.

Keywords: Finance Mathematics, Backward stochastic differential equations, Asymptotic

expansion
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Abstract

In this talk, we formulate a mean-variance portfolio selection problem of an insurer who man-
ages her underlying risk by purchasing proportional reinsurance and investing in a financial
market consisting of a bank account and a risky asset following a jump-diffusion dynamics
with random parameters. We then obtain a time-consistent equilibrium strategy via a flow of
Backward Stochastic Differential Equations. Finally, we apply our results to a mean-reverting
Lévy-Ornstein-Uhlenbeck process and obtain closed form solutions.

Keywords: Mean-variance; jump-diffusion; Time consistent problem; BSDEs; Equilibrium
strategy; Stochastic interest rate.
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A Numerical Study of a Weather Derivatives Model
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Abstract

Weather Derivatives are financial instruments used to cover non-catastrophic weather events and
can be expressed in the form of a standard or plain vanilla products, structured or exotics prod-
ucts. The underlying assets in this case are the weather indexes, such as, temperature, rainfall,
humidity, wind and snowfall. The complexity of the Weather Derivatives structure exposes the
weakness of the Black Scholes framework, therefore, under the risk neutral probability measure
the option price of a weather contract can be given as a unique solution of a two dimensional
partial differential equation (parabolic in one direction and hyperbolic in other directions), with
an initial condition and subjected to adequate boundary conditions. To calculate the price of the
option, one can use numerical methods such as the Monte Carlo simulations, and implicit finite
difference schemes conjugated with Semi-Lagrangian methods. In this paper is propose two ex-
plicit methods namely, first order upwind in hyperbolic direction combined with Lax-Wendroff
in parabolic direction and, first order upwind in the hyperbolic direction combined with second
order upwind in the parabolic direction. One of the advantages of these methods is the fact that
they take in consideration the boundary conditions obtained from the financial interpretation
and deal efficiently with the different choices of the convection coefficients.
Keywords: Incomplete markets, numerical methods, partial differential equations, stochastic

process, weather derivatives.
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Local times of deterministic paths and model-free Càdlàg price paths
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Abstract

It appears that typical (model-free) continuous price paths are characterised by many properties
attributed in classic probability setting to continuous semimartingales. These include the ex-
istence of local times. The objective of this research is to analyse the possible definitions and
existence of local times (according to the different definitions) of deterministic model-free price
paths. The analysis follows a modification by Łochowski et al. [1] of the scheme introduced by
Vovk [2] of a shifted Lesbegue partition π(c, r) based on the nets c ·ℜ+ r = {c · p+ r, p ∈ Z},
r ∈

(
− c

2
, c
2

)
and c is the interval width per level. The local time for a given level is a measure

of how fast the quadratic variation is accumulating for that particular level and is approximated
by the product of the interval width and the number of interval crossings for that level [3]. The
existence of the local times is analysed for two continuoun but nowhere differentiable functions.
One function constructed from the components of the Peano curve and the other by a modified
version of the Peano curve. The results show consistent local time estimate for the function con-
structed from the components of the Peano curve whereas the results from the second function
are divergent, suggesting perhaps a need for another normalising factor.
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Abstract

Optimal investment, consumption and life insurance problem with stochastic environments for
a wage-earner is solved in this study. The wage-earner invests in the financial market with one
risk-free security, one risky security, receives labor income and has a life insurance policy in
the insurance market. A life insurance policy is purchased to hedge the financial wealth for
the beneficiary in case of wage earner premature death. The interest rate and the volatility are
stochastic. The objective of the wage-earner is to allocate wealth between risky security and
risk-free security but also buy a life insurance policy during the investment period to maximize
the expected discounted utilities derived from consumption, legacy and terminal wealth over
an uncertain lifetime. By applying Bellman’s optimality principle, the associated HJB PDE for
the value function is established. The power utility function is employed for our analysis to
obtain the value function and optimal policies. Finally, numerical examples and simulations are
provided.
Keywords: : Investment, life insurance problem, Value function, optimal policies.
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Abstract

Over the years, weather has had a significant impact on the profitability of firms and individ-
uals that trade in energy and commodity markets. For instance, a company that trades in gas
used to warm up homes and offices would realise depressed revenues during a warm period,
whereas the same firm would make lucrative profits during a cold season. Consequently, energy
and commodity market participants have developed mechanisms for managing risks emanating
from unfavourable weather conditions. Insurance and weather derivatives are some of the most
useful instruments deployed for mitigating losses induced by unexpected weather extremities
such as warm temperatures that cause low demand for gas during winter. This paper presents
and examines the problem of valuation of temperature derivatives in a fuzzy Ito-Levy context.
In our model the evolution of temperature is governed by a geometric Ito-Levy process, in
which the jump component describes significant up and down changes in temperature over an
infinitesimally short period of time. It is assumed that parameters of the stochastic differential
equation cannot be crisply expressed, and for that reason, they are incorporated into the model
as membership functions. Using stochastic calculus methodologies coupled with the theory of
fuzzy sets, a numerical scheme is proposed for the valuation of temperature derivatives. Ulti-
mately, to gain deeper insight into the scope of the applicability of the pricing model, data from
selected African markets will be used for validation purposes.

Keywords: temperature derivative, fuzzy number, fuzzy Ito-Levy process, stochastic differen-
tial equation
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An optimal portfolio and consumption problem: A viscosity solution
approach
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Abstract

We consider the optimal consumption-investment problem for an investor who trades in a finan-
cial market with stochastic coefficients driven by a non-Gaussian Ornstein–Uhlenbeck process.
The investor consumes and allocates her wealth in a financial market consisting of a risk-free
asset and a risky asset. The objective is to find an allocation process and a consumption pat-
tern which optimises the expected utility. As in [1, 2], we formulate the portfolio optimisation
problem as a singular stochastic control problem and solve it using dynamic programming and
the theory of viscosity solutions. The value function is characterised as the unique constrained
viscosity solution of the corresponding integro-differential variational inequality and explicit
results are derived for hyperbolic absolute risk aversion utility functions.

Keywords: optimal investment and consumption, Ornstein-Uhlenbeck process, stochastic volatil-
ity model, subordinator, viscosity solutions.
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This talk presents a stochastic differential game between two insurance companies, a big one
and a small one. The distinctions of these companies is that the big company has sufficient asset
to invest in a risk-free asset and a risky asset and is allowed to purchase proportional reinsurance
or acquire new business, and the small company can transfer part of the risk to a reinsurer via
proportional reinsurance. The game studied here is zero-sum, where the big company is trying
to maximize the expected exponential utility of the difference between two insurance compa-
nies’ surpluses at the terminal time to keep its advantage on surplus, while simultaneously the
small company is trying to minimize the same quantity to reduce its disadvantage. The relation-
ships between the surplus processes and the price process of the risky asset are considered. The
Nash equilibrium strategy is obtained through verification theorem which rest on the stochastic
control theory.
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Application of Generalized Geometric Itô-Lévy Process to
Investment-Consumption-Insurance Optimization Problem under Inflation
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Obonye Doctora
a Botswana International University of Science and Teachnology

doctoro@biust.ac.bw

Abstract

We consider a problem of maximizing the utility of an agent who invests in a stock, money
market account and an index bond incorporating life insurance, deterministic income, and con-
sumption. The stock is assumed to be a generalized geometric Itô-Lévy process. Assuming
a power utility function, we determine the optimal investment-consumption-insurance strategy
under inflation risk for the investor in a jump-diffusion setting using martingale approach.

Keywords: Utility Theory; Portfolio Optimization; Stochastic Control; Itô-Lévy Diffusions;
Martingale Method; Life Insurance.

Category: Mathematics of Finance
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Abstract

As the governments prepare for a COVID-19 recovery policy, policymakers must consider the
economic consequences of the pandemic on Gross Domestic Product (GDP) and employment.
Rebuilding a stronger and more resilient labour market is an important investment not only on
the GDP, but also for the future and future generations. This paper considers the problem of
determining the optimal sequence of control measures during the Covid-19 crisis given their im-
pact on GDP and employment, assuming the economic system is a stochastic process. We derive
the GDP (performance function) as an argument of the dynamics of the labour market during
the Covid-19 crisis using the United Kingdom (UK) data to illustrate our hypothesis. The ob-
jective is to maximize the expected GDP growth during the Covid-19 crisis. We formulate this
problem as a stochastic control problem, which in turn leads to a (nonlinear) quasi-variational
Hamilton–Jacobi–Bellman inequality (QVHJBI).

Keywords: Optimal stochastic control, Gross Domestic Product, Hamilton-Jacobi-Bellman
equation, Quasi-variational inequality
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Optimal Portfolio Selection of a Constant Proportion Portfolio Insurance
when Asset follows Hawkes-Jump-Diffusion
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Abstract

We study the firmly of risk asset in the constant proportion portfolio insurance (CPPI) trading
strategy in Hawkes-jump-diffusion model where the price of the underlying asset may experi-
ence negative jump. We solve the dynamic of risk asset and cushion by using a mean version
stochastic differential Equation under Geometric Brownian Motion. The main goal of portfo-
lio insurance is to protect investor against adverse market movement. Therefore the investor
choose the floor level depends on her risk preference and always try to mantain it through-out
the trading period up to the maturity date, so that the Portfolio value will always lies above
it. Within this framework we consider the problem of optimal Portfolio construction through
the dynamics programming and its associate HJB equation of a two-dimensional to solve the
the supreme of portfolio weights by considering an investors of log, power and exponential
utility function. It was observed that, the higher the value of volatility and jump size, the less
the expected terminal portfolio. Therefore the best payoff can be achieved with the increase
in number of rebalancing, the optimal portfolio weights. Whatever types of investors we have
under the utility function, the investor would rather stake his wealth in a non-jump model rather
than in the discontinuous one.

Keywords: Portfolio Insurance, Optimal Portfolio, CPPI, Mean Version Stochastic differential
equation, Hawkes Process

Category: Mathematics of Finance
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A model of portfolio-consumption on infinite time horizon

Siboniso Confrence Nkosia, Farai Julius Mhlangab & Mihail Zervosc
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Abstract

We consider the optimisation problem faced by a single agent who possesses wealth which may
be consumed or invested over time. The objective is to maximise the total utility of terminal
wealth over all portfolio allocation and consumption rate processes over an infinite time horizon.
This portfolio optimisation problem is formulated as a singular stochastic control problem and
is solved using dynamic programming approach. A verification theorem when the state process
is a skew geometric Brownian motion is established. For utility functions of logarithmic type,
we calculate the optimal investment and consumption policies.

Keywords: Portfolio optimisation, Skew geometric Brownian motion, Verification theorem,
Infinite time horizon

Category: Financial Mathematics
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Continuous-time principal agent models with long-term average payoffs
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Abstract

We consider an economic project run by a sequence of managers with identical preferences and
owned by a principal. We model the cashflow that the project’s operation generates by either
a one-dimensional arithmetic Brownian motion or an ergodic one-dimensional diffusion. We
make the standard assumption that the managers are more impatient than the principal. The
principal’s as well as the managers’ goals are to maximise their respective performance criteria.
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The aim is to construct a sequence of contracts that are incentive compatible and maximise
the ergodic performance criterion of the principal. To this end, we formulate the mathematical
model, we characterise a class of contracts that admit a state space representation, we determine
a sub-class of contracts that are incentive compatible and we reduce the problem of determining
the optimal incentive compatible contract to a singular stochastic control problem that we solve.

Keywords: continous-time models, principal-agent models, incentive compatible contract, sin-
gular stochastic control.

Category: Mathematical Finance
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Abstract

In this study, there is a contribution to the theory of reflected backward stochastic differential
equations (RBSDEs) when the lower barrier is considered to be right upper semi-continuous but
not necessarily right-continuous. In contrast to other studies that consider Brownian motion and
the Poisson process, RBSDE was formulated by using stochastic Jacod parameters to provide
the important results. There is the establishment of a required a priori estimate of RBSDE first,
and then the uniqueness and existence of solutions under the Lipschitz driver assumption are
made. During the calculations, Mertens’ decomposition of strong optional supermartingales
(generalizing Doob- Meyer decomposition) is used. Furthermore, an appropriate generalization
of Ito’s formula due to strong optional semimartingale is combined with other techniques from
optimal stopping theory. Finally, we presented an example of an application to illustrate our
obtained results.

Keywords: Jacod parameters, Reflected Backward stochastic differential equations , Right up-
per semi-continuous, Mertens’ decomposition, Random measure
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9 FLUID DYNAMICS

On the transformation of boundary value problems to initial value
problems: The Iterative transformation method
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Abstract

It is always so much desired to be able to convert a boundary value problem to an initial value
problem. This is because it is easier to deal with an initial value problem than a boundary
value problem. Several authors on the subject of transformation of boundary value problems
to initial value problems have provided us with transformation groups that make it possible for
such conversions. So far, the one-parameter scaling group and the one-parameter spiral group of
transformations are the transformation groups that have been used to convert a boundary value
problem to its initial value problem equivalent when it is possible to do so . Thus, there is a
class of boundary value problems for which such transformation under a one-parameter group
applies. When boundary value problems are not invariant under a one-parameter group, it has
being shown that a modified boundary value problem can be derived, which is invariant under an
extended transformation group. In this study, a concise review is presented, of how the scaling
transformation group can be employed to determine a modified boundary value problem which
is invariant under an extended two-parameter scaling group. The main contribution is then to
show that since the non-physical scaling parameter in the extended group is unity, a simple
iterative method which does not require an extended group can be deduced.

Keywords: Boundary layer theory, non-Iterative transformation method, Iterative transforma-
tion method, Scaling group.

Category: Fluid Dynamics
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Bulk-surface finite element methods for non-linear semi- parabolic partial
differential equations of reaction-diffusion type
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Abstract

We develop bulk-surface finite element methods for generalised reaction-diffusion systems and
explore higher order finite elements disctretisations. The finite element algorithms will be im-
plemented in FeNiCs.

Keywords: Bulk-surface reaction-diffusion systems, Finite element method.

Category: Fluid Dynamics
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Computational Identification of Cancer Immunotherapy Targets using
Combinatorial Peptide Libraries

Barbara Szomolay
Division of Infection and Immunity, School of Medicine, Cardiff University, United Kingdom

szomolayb@cardiff.ac.uk

Abstract

The interaction between T-cell receptors (TCRs) and peptides is highly degenerate: a single
TCR may recognize about one million different peptides in the context of a single MHCI
molecule. On the other hand, TCR recognition is fundamentally peptide- and/or MHC-specific:
the functional sensitivity, which can be viewed as experimental realisation of the TCR trigger-
ing rate, is large enough only for minute fraction of all possible ligands. TCR triggering rate and
degeneracy are mathematical concepts that are fundamental for an approach that uses length-
matched combinatorial peptide library (CPL) scan data to search protein databases and to rank
peptides in order of likelihood of recognition. This CPL-based database screening can, to a large
extent, accurately identify self-peptides that triggered the CD8 T-cell. The computational time
required for peptide searching can be significantly reduced by using graphics processing units
(GPUs). Adoption of GPU-accelerated prediction of T-cell agonists has the capacity to revolu-
tionise our understanding of cancer immunity by identifying potential targets for tumor-specific
T-cells.

Keywords: functional sensitivity, peptide libraries, GPU

Category: Computational Biology
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Abstract

In this talk, we study and analyze a three-dimensional soliton equation, which has applica-
tions in fluid mechanics and other nonlinear sciences such as plasma physics, atomic physics,
biophysics, nonlinear optics, classical and quantum fields theories. We perform symmetry re-
ductions of the equation using Lie group theory and obtain analytic solutions through this tech-
nique. Direct integration of the resulting ordinary differential equation is done which gives
new analytic travelling wave solutions that consist of rational function, elliptic functions, ele-
mentary trigonometric and hyperbolic functions solutions of the equation. We also contemplate
conserved quantities for the equation under study using the multiplier approach.

Keywords: Soliton equation, Lie group analysis, symmetries, conservation laws, multiplier
method

Category: Fluid Dynamics

References

[1] Liu J., Zhang Y. (2018): Construction of lump soliton and mixed lump stripe solutions of
(3+1)-dimensional soliton equation. Results in Physics.

[2] Drazin P.G., Johnson R.S. (1989): Solitons: An Introduction. Cambridge University Press,
New York.

[3] Olver P.J. (1993): Applications of Lie Groups to Differential Equations. second ed.,
Springer-Verlag, Berlin.

*********************************

Exact solutions and conservation laws of Boussinesq equation and extended
Kadomtsev-Petviashili equation in fluids
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Abstract

In this study a nonlinear evolution partial differential equations, namely, (1+1)-Dimensional
Bossinesq equation and (3+1)-Dimensional Bossinesq equation. Lie symmetry method together
with Simplest equation method and Kudryoshov’s method is used to find the exact solutions of
the (1+1)-dimensional Boussinesq and (3+1)-Dimensional Bossinesq equation. Furthermore,
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multiplier method will be used to construct the conservation laws of the the above mentioned
equations.

Keywords: (1+1)-dimensional Boussinesq equation, (3+1)-dimensional Bossinesq equation,
Lie point symmetries,Simplest equation method,Kudryoshov’s method, conservation laws

Category: other
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Error estimates for pressure-driven Hele-Shaw flow

John Fabriciusa, Salvador Manjatea,b & Peter Walla
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Abstract

We consider Stokes flow past cylindrical obstacles in a generalized Hele-Shaw cell, i.e. a thin
three-dimensional domain confined between two surfaces. The flow is assumed to be driven
by an external pressure gradient, which is modeled as a normal stress condition on the lateral
boundary of the cell. On the remaining part of the boundary we assume that the velocity is
zero. We derive a divergence-free (volume preserving) approximation of the flow by studying
its asymptotic behavior as the thickness of the domain tends to zero. The approximation is
verified by error estimates for both the velocity and pressure in H1- and L2-norms, respectively.

Keywords: Hele-Shaw flow, asymptotic expansions, pressure boundary condition, thin film
flow, error estimates.

Category: Fluid Dynamics
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Solution of Partial Differential Equations using Adomian Decomposition
Method
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Abstract

Partial differential equations occur frequently in Science and Engineering. Analytical solutions
are generally hard to obtain. In this paper, Adomian Decomposition Method [1] is applied to
solve one and two dimensional heat [2] equations. The method decomposes the solution into
convergent series. The solution if available in closed form, the series will converge to it. The
solutions so obtained are represented graphically.

Keywords: Adomian Decomposition Method, Convergent series.

Category: Fluid Dynamics
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Lie algebra, group-invariant and analytic solutions of a generalized
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Abstract

In this talk, we present the analytical investigation of a generalized (3+1)-dimensional nonlinear
potential Yu-Toda-Sasa-Fukuyama equation which has applications in the fields of engineering
and physics. The theory of Lie group is applied to the nonlinear partial differential equation
to basically reduce the equation to an integrable form which consequently allows for direct
integration of the result. The Lie algebra of the model makes it possible to achieve various
nontrivial solutions. Besides, more general solutions are found through a well-known standard
technique. Conclusively, we construct conserved quantities of the underlying equation.

Keywords: generalized (3+1)-dimensional nonlinear potential Yu-Toda-Sasa-Fukuyama equa-
tion, group-invariant solutions, Lie group analysis, conservation laws

Category: Fluid Dynamics
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Highly Accurate Compact Finite Difference Schemes for Two-Point
Boundary Value Problems with Robin Boundary Conditions

Phumlani Dlamini
University of Johannesburg, South Africa
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Abstract

he finite difference method is among the oldest and the most used approaches to approximate
solutions of differential equations. Its major disadvantage is that it usually needs many grid
points to give acceptable approximations, often leading to large memory requirements. Of late,
compact finite difference methods have become popular among researchers solving differential
equations. That is because they provide high-order accuracy for far fewer grid points than the
common classical finite differences. In this talk, we present derivations of high-order compact
finite difference schemes. We also discuss compact finite difference schemes for the functions
with Dirichlet, Neumann, and Robin boundary conditions. Lastly, we show how the compact
finite difference schemes are used to solve various ordinary and partial differential equations
subjected to different types of boundary conditions.

Keywords: boundary value problems, compact finite differences, quasilinearization, Robin
boundary conditions
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Numerical study of convective flow of a combustible third grade fluid
through an inclined channel with variable porous permeability and viscosity
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Abstract

A mathematical examination for convective flow of combustible third-grade fluid through an
inclined vertical channel exposed to Newtonian cooling is conducted in the present study. The
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fluid viscosity and permeability of the porous medium are assumed to follow exponential vari-
ation with temperature. The mixed convective flow is attributed to pressure difference at the
inflow and out ends of the channel in the direction of flow together with thermal effects on the
density of the viscous combustible liquid. The channel walls are assumed to have convective air
exchange with the ambient. Based on the nonlinear physical properties of the combustible liq-
uid, solutions of the dimensionless version of the governing equations are solved numerically
by using the spectral Chebyshev polynomial as the admissible trial solution for the weighted
residual method. The computations were validated with shooting Runge-Kutta approach. Fluid
velocity and temperature profiles and the implications on heat irreversibility are computed with
thermal critical values. Graphical and tabular illustrations are provided with adequate explana-
tions. The out-coming results are useful in achieving efficient energy utilization processes and
equipment designs.

Keywords: reactive fluids; entropy generation; third-grade fluid; porous medium; heat flux;
fluid slippage

Category: Fluid Dynamics
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A new overlapping grid approach for the solution of first order IVPs using
hybrid block methods

Sandile Motsa1
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ABSTRACT

This work presents a new modification of the hybrid block methods (HBM) for solving Initial
Value Problems (IVPs). The new approach, called the overlapping hybrid block method (OE-
HBM) is developed by modifying each integrating block of the HBM to include the penultimate
intra-step point of the preceding block. In this study, we present preliminary results obtained
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from applying the OEHBM, with equally-spaced grid points, on first order IVPs. To highlight
the improvement of the proposed method, the results have been compared with the equivalent
HBM based on the standard non-overlapping grid. Comparisons, based on truncation errors,
stability analysis and numerical errors on specific examples are presented. The proposed OE-
HBM is found to be more accurate than existing HBM variants of the same order.

Keywords: hybrid block methods; overlapping grid; Collocation;

Category: Numerical Methods
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A numerical analysis on the unsteady flow of a thermomagnetic
reactive Maxwell nanofluid over a stretching/shrinking sheet with

Ohmic dissipation and Brownian motion
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Abstract

The major objective of this current investigation is to examine the unsteady flow of a thermomag-
netic reactive Maxwell nanofluid flow over a stretching/shrinking sheet with Ohmic dissipation
and Brownian motion. Suitable similarity transformations were used to reduce the governing non-
linear partial differential equations of momentum, energy and species conservation into a set of
coupled ordinary differential equations. The reduced similarity ordinary differential equations
were then solved numerically using the Spectral Quasi-Linearization Method. The influence of
some pertinent physical parameters on the velocity, temperature and concentration distributions
was studied and analysed graphically. Further investigations were made on the impact of the
Eckert number, Prandtl number, Schmidt number, thermal radiation parameter, Brownian motion
parameter, thermophoresis parameter and chemical reaction parameter on the skin friction coeffi-
cient, surface heat and mass transfer rates. The results were displayed in a tabular form.

The flow which is in the upper region y > 0 and has a uniform magnetic field of strength B =
B0√
1−αt subjected to it, with an initial magnetic field strength denoted by B0. The magnetic field is

applied perpendicular to the sheet. The unsteady fluid, heat and mass transfer flows are assumed
to start at t = 0. The sheet emerges at point (x, y) = (0, 0) moving with a non-uniform velocity
uw(x, t) = ax

1−αt , where a and α are positive constants with inverse time dimension (time)−1,
and a is an initial stretching rate. The velocity of mass transfer is vw(x, t) = v0√

1−αt , where v0 is
the constant mass flux velocity. Also, Tw and Cw are the surface temperature and concentration,
respectively. Then T∞ and C∞ are their respective ambient values. In this problem, the induced
magnetic field is considered negligible due to the magnetic Reynolds number in the flow which
is assumed to be very small. Also, assumed to be negligible is the external electric field and the
electric field which result from the polarization of charges. Therefore, the governing equations
of such a model flow, under the usual boundary layer approximations in the usual notations are,
Madhu et al. [2]:

∂u
∂x + ∂v

∂y = 0, (1)

∂u
∂t + u∂u∂x + v ∂u∂y + λ

(
u2 ∂

2u
∂x2

+ v2 ∂
2u
∂y2

+ 2uv ∂2u
∂x∂y

)
= ν ∂

2u
∂y2

+ gβf (T − T∞) + gβ∗f (C − C∞)− σB2

ρf
u,(2)

∂T
∂t + u∂T∂x + v ∂T∂y =

kf
(ρc)f

∂2T
∂y2
− 1

(ρc)f

∂qr
∂y +

µf
(ρc)f

(
∂u
∂y

)2
+ σB2

(ρc)f
u2 + τ

{
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∂T
∂y

∂C
∂y + DT

T∞

(
∂T
∂y

)2}
, (3)

∂C
∂t + u∂C∂x + v ∂C∂y = DB

∂2C
∂y2

+ DT
T∞

∂2T
∂y2
− kr(C − C∞), (4)



The appropriate boundary conditions for the model under consideration are given by:

u = uw(x, t), v = vw(x, t), T = Tw(x, t), C = Cw(x, t), DB
∂C

∂y
+
DT

T∞

∂T

∂y
= 0 at y = 0,(5)

u→ 0, C → C∞, T → T∞, as y →∞.

Where Tw(x, t) = T∞ + aT0(1−αt)−
3
2 /(2νf ), Cw(x, t) = C∞ + aC0(1−αt)−

3
2 /(2νf ), with

T0 and C0 being reference, temperature and concentration, respectively.

Keywords: Maxwell nanofluid; Stretching sheet; Ohmic dissipation; Brownian motion; Spectral
quasi-linearization; Gauss-Lobatto points .

Category: Fluid Dynamics
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Effect of variable viscosity on MHD micropolar hybrid nanofluid flow over a
rotating cone

T. Khumaloa & S. Ayanob
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b mekk aya@yahoo.com

Abstract

The present paper examine a temperature-dependent viscosity and thermal conductivity of mi-
copolar Ag(silver)-MgO(Magnesium oxide) hybrid nanofluid fluid over a rotating vertical cone
with the influence of transverse magnetic field and thermal radiation. Hybrid nanofluid is the
extension towards nanofluid with two or more dilute suspension of composite nanoparticles
(accessible and relatively cheap) in a base fluid. Physical flow problem has been modled
with coupled partial differential equations. We apply similarity transformations to the non-
dimensionalized equations and the resulting non linear differential equations are solved nu-
merically. The flow behavior for fluid was scrutinized under the impact of diverse physical
constraints are illustrated graphically.

Keywords: Human papillomavirus virus, Vaccination rate, Dual-rate effect, Numerical simula-
tions.

Category: Mathematical Biology
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10 MATHEMATICAL BIOLOGY

An Agent-Based Model for Studying the Spread of COVID-19 in Population
Mobility Patterns Scenarios

Alfredo Zacarias Muxlhanga & Sansão Agostinho Pedro
Department of Mathematics and Informatics, Eduardo Mondlane University, 257, Maputo,

Mozambique
alfredo.muxlhanga@uem.ac.mz, sansao.pedro@uem.ac.mz

Daisuke Takahashi
A.I.Systems Research Co.,Ltd 4 Yoshidaushinomiya-cho, Sakyo-ku, Kyoto 606-8302, Japan

dtakahashi42@gmail.com

Abstract

During an outbreak of an infectious disease, mathematical models and computer simulations
are essential tools to characterize the epidemic dynamics and assist in the formulation of public
health policies [1]. The movement of each individual at any time is crucial for the transmission
or contamination of an infectious disease due to different contacts in different places. In this
work, we develop an agent-based model, which relates the movement patterns of people during
different periods of time of each day of the week (morning, afternoon and night), in different
places (home, school, work place, worship place, market and others), with the levels of com-
pliance with measures to prevent the COVID-19 pandemic (social distancing and opening and
closing paces). For the study of spatial dynamics, a survey was carried out in the city of Ma-
puto, where it was possible to estimate a matrix of the average numbers of contacts between
individuals according to the places and periods of each day of the week. For disease dynamics,
the SEAIR1 model was privileged and it was possible to calibrate the model with the proportion
of diagnosed symptomatics (I), where it was observed that the trend of the graph of the real data
is close to the model developed in this work. Furthermore, it was concluded that closing schools
and other places is effective when levels of social distancing compliance in places that remain
open are around 75% minimum. On the other hand, the closing of worship places does not have
much influence in flattening the epidemic curve. This case is explained by the fact that there is
a lower frequency of visits to these places, associated with a shorter length of stay. The average
contact numbers are relatively equal in some locations, however, the closing of each location
has a different impact on the flattening of the curve due to differences in movement patterns in
large proportions.

Keywords: agent based models, COVID-19, mobility, contacts, opening and closing rhythms,
social distancing.
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On Traveling Wave Solution in Spatial Co-Infection System. The Case of
Maize Lethal Necrosis
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b Department of Mathematics and Applied Mathematics, University of Pretoria, 0002, South

Africa

americo.matusse@uem.ac.mz
b Department of Mathematics and Applied Mathematics, University of Pretoria, 0002, South

Africa
m.chapwanya@up.ac.za

b Department of Mathematics and Applied Mathematics, University of Pretoria, 0002, South
Africa

c CIRAD,UMR AMAP, 97410 St Pierre, Réunion Island, France
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Abstract

Host infection by multiple pathogen genotypes is a crucial constrain in disease ecology and
evolution. For instance, Maize Lethal Necrosis Disease (MLND) in Southern Africa results
from synergistic interaction between the Maize Chlorotic Mottle Virus (MCMV) and potyviri-
dae such as Sugarcane Mosaic Virus (SCMV). MCMV are transmitted by several vectors in-
cluding, beetles, flower thrips and maize thrips (Frankliniella Williams) in semi-persistent man-
ner while SCMV are transmitted by aphids including Rhopalosiphum maidis, Rhopalosiphum
padi, Myzus persicae, Schizaphis graminum in nonpersistent manner.

In this talk, we propose a partially degenerate co-infection vector borne-disease model in un-
bounded domain. We present some theoretical results on the existence of traveling wave solu-
tion when one of the virus is circulating. When both virus are circulating, we show the existence
of traveling wave solutions through numerical simulations, for different invasion scenarios de-
pending on the threshold parameters and initial conditions. We discuss the consequences of
these traveling waves in terms of crop protection.

Keywords: Crop disease, co-infection, synergistic interaction, partially degenerate reaction-
diffusion system, traveling wave, numerical simulation.
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Dynamics and Optimal Control Analysis of COVID-19 Transmission
Epidemic Model

Amosse Chicomo & Sansão Pedro
Faculty of Sciences of Eduardo Mondlane University

amosse.chicomo@gmail.com

Faculty of Sciences of Eduardo Mondlane University
sansao.pedro@uem.ac.mz

Abstract

Since the end of 2019, the world has been experiencing a health system threatened by the
COVID-19 disease. To understand the dynamics of the disease and create strategies for its
containment, many studies have been carried out since the beginning of its existence. This
study aims to analyze the epidemiological behavior of COVID-19 through the mathematical
model and analyze the effect of applying optimal control. To carry out this study, the litera-
ture was used, which culminated in the assembly of the SEIAHR model studied here. In this
case, the basic reproduction number (R0) was calculated to qualitatively analyze the stability of
the equilibrium points, where it was shown that if R0 < 1 the disease-free equilibrium point is
asymptotically globally stable and the endemic equilibrium point is asymptotically globally sta-
ble if R0 > 1. Regarding the implementation of optimal control, the use of vaccination strategy
applied to the control proved to be ideal for reducing the spread of COVID-19. Therefore, the
control profile showed that individuals should be vaccinated throughout the duration of disease.

Keywords: Epidemic Modeling, SEIAHR, Stability anaysis, optimal control, COVID-19.
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An Age-Structured Model for Transmission Dynamics of Malaria with
Infected Immigrants and Asymptomatic Carriers
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Abstract

An age-structured (children and adults) model for the transmission dynamics of malaria with
asymptomatic carriers and infected immigrants has been analyzed. We first analyze a model
without infected immigrants. It shows that the disease-free equilibrium exists and is stable
when R0 < 1 and unstable for R0 > 1. Also, we compute the sensitivity indices of the basic
reproduction number. The basic reproduction number is most sensitive to the mosquito biting
rate. Besides, the sensitivity of the basic reproduction number shows that the children’s class
parameters are more sensitive than those of adults. In the presence of infected immigrants, the
model does not admit a disease-free equilibrium. The sensitivity of endemic equilibrium shows
that the asymptomatic carrier parameters are more critical than that of infected immigrants.
Also, the inflow of infectious immigrants is sensitive than that of infected immigrants. The
results obtained indicate that

Keywords: Age-structure, malaria, immigrants, asymptomatic carrier, non-linear ODE model
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Coagulation of particles based on Smoluchowski’s equation with external
sources

Dmitri Alexandrov, Eugenya Makoveeva, Margarita Nikishina & Irina Alexandrova
Laboratory of Stochastic Transport of Nanoparticles in Living Systems, Laboratory of

Multi-Scale Mathematical Modeling, Department of Theoretical and Mathematical Physics,
Ural Federal University, Lenin ave., 51, Ekaterinburg, 620000, Russian Federation

dmitri.alexandrov@urfu.ru

Abstract

The coagulation equation, proposed by Smoluchowski, has been widely used to describe ag-
gregation phenomena in many fields of science since its inception. It considers a physical
system of many nanoparticles, and each particle is characterized by a change of some non-
negative scalar quantity (e.g. volume). Assuming such a system to be spatially homogeneous
and unbounded, considering only pairwise interactions and a balance relation of interacting par-
ticles, the Smoluchowski equation can be used to describe the evolution of a system of many
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nanoparticles. In this study, we construct an exact solution to this integro-differential equation
containing an exponentially-decaying source term. This solution, in particular, describes the
steady-state structural density of endosomes per cell carrying the nanoparticles. Also, we show
that our exact solution well describes recent experimental data on gold nanoparticle distribution
inside endosomes. In addition, we derive an analytical solution to the non-stationary coagula-
tion equation stitching the steady-state and initial distributions of structural density. Choosing
a particular form of stitching functions, we demonstrate that the total number of nanoparticles
inside a cell (calculated based on this solution) is in good agreement with recent experiments in
living cells. Thus, analytical solutions obtained represent a general theoretical basis to describe
the dynamics of cargo distributions in the endosomal network.

This work was supported by the Russian Science Foundation (Grant number 18-19-00008).

Keywords: Coagulation, Nanoparticles, Structural density, Analytical solutions, Endosomal
network
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On the impact of hierachy of resort treatment-seeking behavior on malaria
infection

Faraimunashe Chirovea
a University of Johannesburg
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Abstract

Malaria is still a huge public health problem and many lives would be saved if access to good
quality, affordable and efficacious medicines were readily available. Antimalarial drugs form
part of a wider set of products where quality is not directly observable at the time of purchase,
and only partially observable when used. Fake antimalarial drugs widespread use due to hi-
erachy of resort treatment seeking behaviour has become a threat towards malaria treatment
efforts with a longrun possibility of adverse effects and development of drug resistance. The
study focuses on quantifying the veracity of using fake malaria drugs driven by hierachy of re-
sort treatment seeking bahavior on malaria disease using a deterministic and stochastic model.
Deterministic and stochastic thresholds were computed that determine the conditions for dis-
ease progression or extinction. Our results suggest that the chances of disease extinction are
reduced and time to extinction is prolonged when access to fake drugs is prioritised. Efforts
should be dirrected towards intercepting the channels suppying fake drugs in communities.

Keywords: Malaria, Fake drugs, Hierachy of resort, Probability of extinction
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Modelling Botswana’s HIV/AIDS response and treatment policy changes:
Insights from mathematical models

Farai Nyabadzaa & Tefa Kaisarab

a University of Johannesburg
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b Botswana International University of Science and Technology
kaisarat@biust.ac.bw

Abstract

The management of HIV/AIDS has evolved ever since advent of the disease in the past three
decades. Many countries have had to revise their policies as new information on the virus,
and its transmission dynamics emerged. In this paper, we track the changes in Botswana’s
HIV/AIDS response and treatment policies using a piece-wise system of differential equations.
The policy changes are easily tracked in three epochs. Models for each era are formulated from
a [?] that can be linked to all the epochs. The grand model’s steady states are determined and
analysed in terms of the model reproduction number, R0. The model exhibits a backward bifur-
cation, where a stable disease-free equilibrium coexists with a stable endemic equilibrium when
R0 < 1. The stability of the models for the other epochs can be derived from that of the grand
model by setting some parameters to zero. The models are fitted to HIV/AIDS prevalence data
from Botswana for the past three decades. The changes in the populations in each compart-
ment are tracked as the response to the disease and treatment policy changed over time. Finally,
projections are made to determine the possible trajectory of HIV/AIDS in Botswana. The impli-
cations of the policy changes are easily seen, and a discussion on how these changes impacted
the epidemic are articulated. The results presented have crucial impact on how policy changes
affected and continue to influence the trajectory of the HIV/AIDS epidemic in Botswana.

Keywords: HIV/AIDS; Grand model; Reproduction number; Treatment policy; Fitting; Sim-
ulations
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Exploring the impact of human behaviour on the spread and control of
infectious diseases: how mathematical modelling can help

K A Jane Whitea,b, Farai Chiroveb & Suzanne Lenhartc
a Department of Mathematical Sciences, University of Bath, UK.
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Abstract

The COVID-19 pandemic highlighted to everyone the important role that individual behaviour
plays in the spread of an infectious disease through a population, and also the contribution
that mathematical models can make to understanding infection dynamics and control. In this
talk we will outline a number of qualitatively different approaches to incorporate individual
behaviour into a mathematical model of infectious disease. In each case, we will explore the
assumptions that are being used and will identify the types of data that are required to validate
the approach. We will provide examples of behaviour-mediated infectious disease modelling
that we have undertaken to explore particular problems in different African countries (see, for
example [1], [2]). We will highlight the data-driven constraints which we needed to employ for
model validation, and will demonstrate how our different modelling approaches form part of a
mathematical toolbox for public health infectious disease control teams. We will conclude by
reflecting on our experiences of modelling infectious disease dynamics in African contexts and
using the reflections to identify priorities for future modelling activity.

Keywords: Infectious disease, individual behaviour, control, mathematical model.
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On COVID-19 transmission dynamics, number of waves and impact of
vaccination: Mathematical modeling, analysis and numerical simulations

J. Malinzi, V.O. Juma, C.E. Madubueze, J. Mwaonanji, G.N. Nkem, E. Mwakilama, T.
Mupedza, V. Nandwa, E.A. Bakare, I.L. Moyo-Zulu, E. Campillo-Funollet, T. Mazikana,
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Abstract

This study aims to evaluate the epidemic trend of the COVID- 19 epidemic amid increasing vac-
cination coverage. The potential epidemic trends, with current vaccination rates, are determined
and plausible vaccination rates and efficacies are suggested in order to obtain better results. In
doing so, we seek to address the following questions:

1. What are the current COVID-19 transmission dynamics?

2. What fraction of a country’s population should be vaccinated, and with what efficacy, in
order to obtain optimal results?

3. How long could a wave be, going by the current vaccination rates?

A compartmental mathematical model is developed, analysed, calibrated and numerically sim-
ulated to investigate the dynamics, impact of vaccination and control interventions of the Coro-
navirus disease and determine the effect of vaccine efficacy. A thorough qualitative analysis of
the model is carried out to infer the possible long term possibilities of the populations. The next
generation matrix is used to obtain the basic reproduction number R0. The model equilibria
and their stability, which depends on R0, are presented. The model was calibrated using South
African reported data for COVID-19. Plausible parameter values have been determined and
several numerical simulations have been carried out. Both local and global sensitivity analy-
ses with respect to the basic reproduction number have been carried out to determine the most
influential parameters that most dictate the epidemic.

This project is being undertaken by several collaborators from the GCRF-EPSRC UK-APASI
program [1]. Results that have been obtained thus far will be presented. We hope that the results
could help to guide policy makers and governments to make plausible decisions especially to
do with designing vaccination programs and implementation of other mitigation strategies such
that the economies are not negatively substantially affected.

Keywords:COVID-19, Qualitative analysis, Number of waves
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Foot and Mouth Disease Transmission and Control in presence of environmental
contamination
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Abstract

In this work, a mathematical model for the dynamics of foot and mouth diseasa (FMD)
accounting for the direct and indirect transmission routes is formulated and analysed. The
model basic reproduction number (R0) is evaluated and clearly structured to highlight dif-
ferential infectivity. Basic properties of the model such as existence and stability of the
disease-free equilibrium as well as the existence of the endemic equilibrium were deter-
mined. Sensitivity analysis of R0 as well as the full model was performed using the Latin
Hypercube Sampling scheme (LHS) for a selected set of input parameter values to deter-
mine the parameters that are significantly sensitive. Our sensitivity analysis showed that;
on one hand the parameters describing direct and indirect transmission routes as well as
the shedding of the virus into the environment by the infected animals, have the greatest
positive Partial Rank Correlation Coefficients (PRCCs). On the other hand, the parame-
ters describing the recovery rate of infected and carrier animals have the largest negative
PRCCs. If the processes described by parameters with negative PRCCs are increased, then
the chances of containing the disease are enhanced. Our numerical simulations shows that
reducing the contact between susceptible animals and infected surfaces by 80% can reduce
the disease burden by up to 71%. However, a combination of controls including reduc-
ing contact with infected surfaces and disinfecting which leads to increased decay of the
pathogen by 100 folds from the baseline value can lead to elimination of the disease. From
our results, we recommend that combinations of control measures should be implemented
if the disease is to be contained in a shorter time as compared to piecemeal application of
intervention measures.

Keywords: Foot and Mouth disease, Pathogen infested environment, Sensitivity analysis, com-
bined intervention measures
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Mathematical modelling of dissolved oxygen in middle-sized fish ponds

José Nhavoto
Department of Mathematics and Informatics, Faculty of Science
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Abstract

A mathematical model was developed to predict the effects of wind speed, light, pH, Tempera-
ture, dissolved carbon dioxide and chemical oxygen demand (COD) on Dissolved Oxygen (DO)
in a middle-sized fish ponds. Infrastructure consists of five concrete fish ponds with capacity
for over 13.000 tilapia fingerlings. The effects of organic feeds, aeration and fish activity were
added to the model developed by Kayombo et al. (2000) to reflect the situation in fish ponds.
Model calibration and validation was done by use of average DO, pH, temperature, COD, CO2
and algae biomass data measured from fish ponds in Maputo; and light intensity data were
adopted from [1]. Model results showed a linear relationship between simulated DO and mea-
sured DO in fish pond for model calibration and for model validation. Simulation results also
showed a general decrease of DO with time in 13 days by 28 and 38% for first and second batch,
respectively. Thus, the model developed in this study could be used to predict the DO dynamics
in fish ponds. Based on the model results, successful cultivation of healthy fish may require that
retention time for water in the fish pond be 10 days.

Keywords: Calibration, light, pH, substrate, temperature, validation
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Dynamical survival analysis: from population to individual based epidemic
models
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Abstract

Due to the need for mathematical tractability, population based epidemic models often ignore
certain important characteristics of disease transmission patterns and the underlying popula-
tions. This often leads to inaccurate findings and poor forecasts [1].

In this work, we aim to firstly analyse the classical SIR epidemic model; which represents the
transmission of populations from susceptible to infectious and recovered classes. The analysis
involves calculating the model thresholds of the basic reproduction ratio, the maximum possible
number of infectives and the number of people that eventually end up being infected. Next, the
SIR population based epidemic model is transformed to a version that focuses on the fate of
a single individual referred to as a survival dynamical system. I will, using the approaches
in [1], delve into the derivation of how population-level dynamics imply probability laws for
individual-level infection and recovery times which can be used for statistical inference. For
illustration purposes, I shall use some epidemic data for both models.

Keywords: The SIR model, Dynamical survival analysis, Agent based modeling
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Abstract

We formulate a mathematical model for the spread of the coronavirus which incorporates ad-
herence to disease prevention. The major results of this study are: first, we determined optimal
infection coefficients such that high levels of coronavirus transmission are prevented. Secondly,
we have found that there exists several optimal pairs of removal rates, from the general pop-
ulation of asymptomatic and symptomatic infectives respectively that can protect hospital bed
capacity and flatten the hospital admission curve. Of the many optimal strategies, this study
recommends the pair that yields the least number of coronavirus related deaths. The results for
South Africa, which is typical of other sub-Sahara African countries, show that failure to ad-
dress hygiene and adherence issues will preclude the existence of an optimal strategy and could
result in a more severe epidemic than the Italian COVID-19 epidemic.

Keywords: Hospital bed capacity, Removal rates, Optimal strategies
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Abstract

Recent Ebola virus disease (EVD) outbreaks have been limited not only to the interactions be-
tween humans but also to the complex interplay of the environment, human and socio-economic
factors. Changes in human behaviour as a result of fear can also affect disease transmission
dynamics. In this paper, a compartmental model is used to study the dynamics of EVD in-
corporating fear and environmental transmission. We formulate a fear dependent contact rate
function to measure the rate of person to person, as well as pathogen to person transmissions.
The epidemic threshold and the model equilibria are determined and, their stabilities are anal-
ysed. The model is validated by fitting it to data from the 2019 and 2020 EVD outbreaks in
the Democratic Republic of Congo. Our results suggest that the fear of death from EVD may
reduce the transmission and aid the control of the disease, but it is not sufficient to eradicate the
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disease. Policymakers need to also implement other control measures such as case finding, me-
dia campaigns, Quarantine and increase in the number of beds in the Ebola treatment centers,
good laboratory services, safe burials and social mobilisation, to eradicate the disease.

Keywords:Ebola virus, fear, contaminated environment, reproduction number, pathogens.

Category: Industiral Mathematics
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Mobility Based SEIAHR COVID-19 Pandemic Model: Case Study of
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Abstract

Since December 2019, the world has been experiencing one of the worst health crises caused
by the COVID-19 pandemic. The rapid spatial expansion of covid leads us to conjecture that
classical compartmental epidemiological models are limited because they do not consider the
importance of reducing social connectivity and the importance of restricting mobility. Con-
vinced, we carried out this research to understand how social connectivity and mobility affect
the size of the pandemic. We introduced the parameter of social connectivity and the parameter
of mobility in our epidemiological model SEIAHR and with this, we simulated in a road net-
work of interprovincial passenger transport, considering the number of inhabitants per province,
data collected in the 2020 Yearbook prepared by the National Institute of Statistic. With the sim-
ulation, we found that, limiting social connectivity reduces and delays the peak of the pandemic
and, with mobility restriction at 10%, 20% and 30%, the total size of the pandemic until reaching
the peak decreases by 92%, 85% and 75% respectively.

Keywords: Epidemic Modeling, SEIAHR, Pandemics, COVID-19.
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Abstract

The spread of Lassa fever infection is increasing in West Africa over the last decade. The impact
of this can better be understood when considering the various possible transmission routes. We
designed a mathematical model for the epidemiology of Lassa Fever using a system of nonlin-
ear ordinary differential equations to determine the effect of transmission pathways toward the
infection progression in humans and rodents including those usually neglected. We analyzed
the model and carried out numerical simulations to determine the impact of each of the trans-
mission routes. Our results showed that the burden of Lassa fever infection is increased when all
the transmission routes are incorporated and most single transmission routes are less harmful,
but when in combination with other transmission routes, they increase the Lassa fever burden. It
is therefore important to consider multiple transmission routes to better estimate the Lassa fever
burden optimally and in turn determine control strategies targeted at the transmission pathways.

Keywords: Transmission, dynamics, Mastomys, Lassa fever
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Abstract

We present the development, analysis and numerical simulation of a mechanobiochemical model
for 2D and 3D cell migration. The model couples biochemical reactions and biomechani-
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cal forces. Force balance equation is used to model the mechanical properties for displace-
ment, while the dynamics of the actin and myosin concentration are described by two reaction-
diffusion equations. The moving grid finite element method is employed to obtain an approx-
imate solution to the model system. The numerical results are supported by linear stability
theoretical results close to bifurcation point during early stages of cell migration.

Keywords: Mechanobiochemical model, Force balance equation, Reaction-diffusion equation,
Moving grid finite element method, Cell migration
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Abstract

In May 2020, many jurisdictions around the world began lifting physical distancing restrictions
against the spread of severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2). This
gave rise to concerns about a possible second wave of coronavirus disease 2019 (COVID-19).
These restrictions were imposed in response to the presence of COVID-19 in populations, usu-
ally with the broad support of affected populations. However, the lifting of restrictions is also
a population response to the accumulating socio-economic impacts of restrictions, and lifting
of restrictions is expected to increase the number of COVID-19 cases, in turn. This suggests
that the COVID-19 pandemic exemplifies a coupled behavior-disease system where disease dy-
namics and social dynamics are locked in a mutual feedback loop. Here we develop a minimal
mathematical model of the interaction between social support for school and workplace closure
and the transmission dynamics of SARS-CoV-2. We find that a second wave of COVID-19 oc-
curs across a broad range of plausible model input parameters governing epidemiological and
social conditions, on account of instabilities generated by behavior-disease interactions. The
second wave tends to have a higher peak than the first wave when the efficacy of restrictions is
greater than 40% and when the basic reproduction number R0 is less than 2.4. Surprisingly, we
also found that a lower R0 value makes a second wave more likely, on account of behavioral
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feedback (although a lower R0 does not necessarily cause more infections, in total). We con-
clude that second waves of COVID-19 can be interpreted as the outcome of non-linear interac-
tions between disease dynamics and social behavior. We also suggest that further development
of mathematical models exploring behavior-disease interactions could help us better understand
how social and epidemiological conditions together determine how pandemics unfold.

Keywords: COVID-19, epidemic model, behavioral fatigue, coupled behavior-disease system,
SARS-CoV-2, evolutionary game theory, imitation dynamics, social learning

Category: Mathematical Biology
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Abstract

In a traditional livestock farming, the livelihood of animals depends highly on existing plant
biomass, which in turn is affected by the level and intensity of temperature, rainfall, humidity
and other meteorological variables. Understanding the interaction of such meteorological fac-
tors and agricultural production in general is an important aspect in planning at the macro and
micro levels. Particularly livestock agriculture is heavily affected by the changing climate, and
hence the variation in major meteorological variables. However, there is still limited research
regarding the impacts of meteorological variables on livestock production in each particular
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region. Soil moisture is one of the main factors in agricultural production and hydrological
cycles with better memory of previous weather conditions. It also involves complex structural
characteristics and meteorological factors. In this study, a soil moisture dependent mathemat-
ical model for the interaction of plants and herbivores is developed and analysed. The Soil
Moisture Active Passive level 4 satellite soil moisture data is used in the model to simulate the
possible spatial distribution of plants and the corresponding potential livestock production level
for Botswana. A global dynamic sensitivity analysis is employed to study the sensitivity of the
solution of the model with a variation in the involved parameter values. The results of the sim-
ulations of the model show that estimated livestock harvest in wet regions is more than triple
as compared to what is estimated for dry regions. If some important parameters are properly
estimated and the soil moisture data is available for each region, it is possible to estimate using
the proposed model the livestock production level for each spatial region with better accuracy.

Keywords: Ecological model; Plant–herbivore interaction dynamics; Non-constant harvest;
Soil moisture; Livestock production; Spatial distribution
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Abstract

Human papillomavirus (HPV) is one of the most common sexually transmitted diseases and is
a major cause of cervical cancer. Even though there are numerous intervention strategies to
minimize the spread of HPV, it is reported that more than 80% of the sexual active population
in the world has HPV. We develop a simple HPV model to investigate vaccination strategies to
control the disease. We consider a continuous vaccination strategy where only the susceptible
are vaccinated. We investigate and present equilibrium quantities as well as conditions for them
to exist. The impact of vaccination on overall disease dynamics is discussed through simple
numerical simulations. Results indicate that vaccination could be targeted by public health
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officials to reduce disease burden in communities. We also investigate the existence of a dual-
rate effect and also determine the conditions under which it occurs. In the presence of such
an effect, an initial large scale vaccination drive (vaccines with high efficacy) may reduce the
disease prevalence to a level that can be effectively controlled at a relatively lower vaccination
rate and a relatively affordable cost.

Keywords: Human papillomavirus virus, Vaccination rate, Dual-rate effect, Numerical simula-
tions.
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Abstract

The COVID-19 pandemic continues to be a problem in South Africa. Individuals affected and
infected by the disease suffer from stigma resulting in increased COVID-19 infections. In this
paper, we developed a mathematical model to assess the effects of stigma on COVID-19 in
South Africa, using low, moderate, and high stigma regimes in the population. The mathemat-
ical model was analysed and the basic reproduction number, R0, of the COVID-19 model with
stigma was determined. The model was then fitted to data of the four COVID-19 waves for the
new daily infected cases, and the estimated parameter values from different waves are presented.
The effects of stigma on COVID-19 waves were examined using the four stigma regimes (high,
moderate, low, and stigma-free regimes). Our results revealed that stigma is instrumental in the
increase in the number of COVID-19 infections. It is also a significant contributor to sustaining
COVID-19 in the population and probably in other infectious diseases such as HIV/AIDS and
sexually transmitted diseases. The results obtained can influence policy directions with respect
to stigma and its impact on the transmission dynamics of diseases.

Keywords: COVID-19, stigma, modelling, global stability, basic reproduction number, sensi-
tivity analysis
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Abstract

The interplay between police and criminals is key to the management and control of crime. This
paper presents a study on the interaction between criminals and the police using theory on the
dynamics of exploited populations. The compartmentalized investigation of the effect of im-
posing effective baseline policing on the criminals’ propensity to commit crimes uses a system
of two non-linear ordinary differential equations of the Lotkka-Volterra type. It is a compari-
son of two recruitment strategies; one influenced by criminal abundance versus an independent
strategy. The steady-states are determined and analyzed. Model predictions reveal backward
bifurcations due to a policing efficiency, Π0, which vanishes if there is no baseline police pop-
ulation or if policing fails to remove any criminals. Consequently, we get the minimum level
of policing efficiency, above which there are no endemic steady-states. We validate this model
using both estimated and recorded London homicide data between the years 2010 and 2019.
We obtain baseline police thresholds necessary for the stability of the endemic steady-states,
to maintain a sustainable co-existence of the police and criminals population, and to eventually
eliminate the criminals in society. These results have important implications on how police and
criminals interact, part of the fundamentals in the designing and implementation of containment
strategies in the fight against crime.

Keywords: Mathematical model; Criminal activity; Police effort; Policing efficiency; Stability;
Simulations.
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Abstract

In human history, the spread of infectious diseases has repeatedly leads to epidemics, which
could cause a devastating disaster to the earth and mankind. when such diseases increase in
incidence and tend to spread geographically within decades, they can be defined as emerging
infections. Diseases that reappear after a significant decline are called reemerging diseases.
Generally, the appearance of these diseases always causes sanitary and economic crisis globally
leading to planetary fluc- tuations, particulary in the low income countries like those in Africa.
In this work, we analyze the spatial-temporal dynamics of a susceptible-infected-recovered
(SIR) epidemic model with time de- lays. To better describe the dynamical behavior of the
model, we take into account the cumulative effects of diffusion in the population dynamics,
and the time delays in both the Holling type II treatment and the disease transmission process,
respectively. To this end, we perform linear stability analyses at the disease-free and endemic
equilibria, provide the expression of the basic reproduction number and set conditions on the
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backward bifurcation using Castillo’s theorem. The values of the critical transmission time de-
lay, the treatment delays and the relationship between them are established. As results, we show
that the transmission and treatment time delays are inversely proportional to the susceptible and
infected diffusion rates. The analytical results are numerically tested. The results show how the
treatment rate significantly reduces the density of infected population and ensures the transition
from the unstable to the stable domain. Moreover, the system is more sensible to the treatment
in the stable domain. As conclusion, the density of infected population increases with respect to
the infected and susceptible diffusion rates. Both effects of treatment and transmission delays
significantly affect the behavior of the system. The transmission time-delay at the critical point
ensures the transition from the stable (low density) to the unstable (high density) domain.

Keywords: SIR model, Spatial diffusion, Transmission and treatment delay, Basic reproduction
number, Nonlinear bifurcation analys.

Category: Epidemiological modeling, Numerical Approximation of solutions of PDEs,
Data Science, Mathematical Biology.
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Abstract

According to UNESCO, Information and Communication Technology (ICT) can contribute to
universal access to education, equity in education, the delivery of quality learning and teaching,
teachers’ professional development and more efficient education management. The continuous
technological development has provided the transfer of several technologies for application in
the teaching and learning process. For the context of STEM, several software’s have been
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created to help in the process of visualization and modeling of different topics. GeoGebra, a
free dynamic software for all grade levels, combines tools from geometry, algebra, statistics,
calculus and more, in a learning environment that is very interactive and collaborative between
student and instructor. Through an exhaustive review in the literature, this article explores
several applications and current trends of the use of GeoGebra. The paper reviews more than
24 articles covering various concepts and applications of GeoGebra in the areas highlighted
above. The conclusions of most of the studies point to the positive effects of GeoGebra on the
efficiency and effectiveness of teaching and learning of topics related to STEM. Therefore, the
exercise allowed us to combine studies by different authors from different sides of the world
and conclude that the use of GeoGebra software can help in the understanding and development
of autonomous learning, through visualization and modeling, allowing students to create or
increase interest in Mathematics and Physics topics.

Keywords: GeoGebra, Teaching and Learning, Visualization, STEM, Literature Review
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Abstract

The present work aims to describe relevant aspects of a teaching experience with undergraduate
students in Mathematics Teaching, at Universidade Licungo, in Mozambique. This teaching
experience has been motivated by the low performance of the students when they solved a
written test in the subject of Analytical Geometry. With a focus on one of the questions that
made up the written test, it was necessary to answer the following question: How to discuss the
resolution of the mathematical task exposed to students so that they understand the rationality
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of the production of their solution? To answer this question, it was necessary to carry out a
teaching experiment, in the classroom, where students were observed in mathematical activity
and triggered teacherstudent interaction processes. The results showed that students had diffi-
culties in relating the texts represented by the drawings they made in their notebooks and the
texts emerging from the algebraic elaboration of the solutions. With this, it was evident the
computer’s contribution to dispel apparent inconsistencies between the results obtained through
paper drawings and vector analysis.

Keywords: Geometry,Visualizartion, Computer, Line
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Abstract

Mozambique is a multilingual society, with around 40 native languages of Bantu origin, a part
of the Portuguese language, the main and official language of administration, business and in-
struction. As pointed out in some studies, proficiency in the language of instruction is generally
seen as linked to performance in mathematics at school and that, in the situation where the
language of instruction is different from that spoken in everyday life, there is a much larger
”gap”, particularly when it comes to mathematics teaching and learning processes than in other
teaching-learning contexts. Regarding the situation in Mozambique, the lack of development of
specialized mathematical records in native languages is visible, since, even in simple commer-
cial relationships, people mark and discuss prices and carry out counting and basic operations
mostly in Portuguese. The study explored grade 8 students’ use of algebraic symbols, the role
of language in algebraic thinking and students’ understanding of mathematical language, and.
Data collection involved 8 students selected from an 8th grade class at a semi-rural school in
Maputo Province, southern Mozambique. Data collection consisted of written test items and
interviews. Data analysis showed that learners struggled to discover the meaning of letters or
simply associated them with numbers according to their position in the alphabetic system. Stu-
dents struggled to establish the correct meaning of words or terms written in common language
in math language and struggled to find what they were supposed to find or do in each verbal
algebra problem due to their misunderstanding of math language. The study results in the ar-
gument that the language difficulties that second language students face in algebraic thinking
are not only related to their limited fluency in the learning context, but also to the inability of
students to move from spoken mathematical language to mathematical language writing.

Keywords: algebraic language, word problems, learning.

Category: Mathematics Education
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12 MATHEMATICS FOR INDUSTRY

Conservation laws and exact solutions of a coupled variable-coefficient
modified Korteweg–de Vries system

Abdullahi Adema,b

c Department of Mathematical Sciences, University of South Africa, UNISA, Pretoria 0003,
South Africa

ademar@unisa.ac.za

Abstract

In this talk we study a generalized coupled variable-coefficient modified Korteweg–de Vries
(CVCmKdV) system that models a two-layer fluid, which is applied to investigate the at-
mospheric and oceanic phenomena such as the atmospheric blockings, interactions between
the atmosphere and ocean, oceanic circulations and hurricanes. The conservation laws of the
CVCmKdV system are derived using the multiplier approach and a new conservation theorem.
In addition to this, a similarity reduction and exact solutions with the aid of symbolic computa-
tion are computed.

Keywords: generalized coupled variable-coefficient modified Korteweg–de Vries system, sym-
bolic computation, conservation laws, similarity reductions, exact solutions.

Category: Industiral Mathematics
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Abstract

In this paper, a new one-dimensional Finite Volume Method for Hyperbolic Conservation Laws
is presented. The method consists of an improved numerical inter-cell flux function at the
element interface. To back theoretically the method, necessary components for convergence
are presented. Therefore, it is proved that the method is consistent with the P.D.E and that
it is monotone with respect to its variables. Moreover, to validate the approach and show its
efficiency, we compute several one-dimensional test problems with discontinuous solutions and
we make comparisons with traditional methods. The results show an improvement in the non-
oscillatory shock-capturing properties based on the new approach.

Keywords: Finite Volume Method, Numerical Flux, Conservation Laws, Non-Oscillatory Ap-
proach, Method Exactly Conservative

Category: Industiral Mathematics
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The grazing bifurcations and transitions between periodic solutions in a
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Abstract

We look at the periodic behaviour of the Earth’s glacial cycles and the transitions between
different periodic states when either external parameters (such as ω) or internal parameters
(such as d) are varied. We model this using the PP04 model of climate change. This is a forced
discontinuous Filippov (non-smooth) dynamical system. When periodically forced this has
coexisting periodic orbits. We find that the transitions in this system are mainly due to grazing
events, leading to grazing bifurcations. An analysis of the grazing bifurcations is given and the
impact of these on the domains of attraction and regions of existence of the periodic orbits is
determined under various changes in the parameters of the system. Grazing transitions arise for
general variations in the parameters (both internal and external) of the PP04 model. We find
that the grazing transitions between the period orbits resemble those of the Mid-Pleistocene.

Keywords: Dynamical System, Filippov system,Non-smooth system, Grazing Bifurcation,
Basin of Attraction, Relaxation Oscillator.

Category: Industiral Mathematics
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Abstract

Floods have increased in frequency and intensity in recent years and have been linked to climate
change among other causes. Moreover, they occur in an increasingly diverse set of locations
and bring massive destruction of infrastructures, devastation of agricultural fields, and human
loss and displacement. The event causes food insecurity, creates or increases poverty in the
affected populations, and in some cases, largely contributes to the emergence of water borne
diseases. Mozambique is considered the most prone country to flooding in Southern Africa.
In the last years, the frequency of tropical cyclones that come with heavy rains has increased
(Cyclone Idai on 15th March 2019, Cyclone Kenneth on 25th April 2019, Cyclone Chalane on
30th December 2020, Cyclone Eloise on 23rd January 2021, Cyclone Guambe on 19th February
2021) creating considerable damages on infrastructures, human displacement, and devastation
on agricultural fields. Cyclone Idai, for instance, destroyed 93% of the city of Beira (4th largest
city in Mozambique), the capital of Sofala province in the central part of the country [1, 2].
Covering large areas at regular revisits, satellite remote sensing is playing an important role in
disaster management such as floods, fire, cyclones, and earthquake, especially for preparedness,
warnings, and emergency response.

In Mozambique, several studies have been conducted in collaboration with the National Institute
for Disaster Management (locally called INGD) to analyze the risks of floods and mitigate the
impact, including creating some algorithms for mapping flooded areas using drones. However,
cost-effective large-scale mapping and damage assessment methods are a high priority [3]. With
the launches of Sentinel-1 and Sentinel-2, free and open data with global coverage, large swath
and high temporal resolution became routinely available.

In this research we aimed to investigate multitemporal Sentinel-1 SAR (10m resolution), Sentinel-
2 MSI (10m resolution). We investigated the use of a freely available benchmark dataset re-
leased in 2021 for a code challenge competition. This data is based on Sentinel-1 SAR imagery
obtained from a global database Cloud to Street that consists of 18 flood events and provides
high detailed reference maps of 13 countries in Africa, America, Europe and Asia. We then
compared supervised and unsupervised machine learning methods on uni-temporal Sentinel-1
SAR imagery using this dataset, splitting the reference maps into training and validation sets.
We performed the classification exploiting the capabilities of Google Earth Engine (GEE) plat-
form. The data is ingested into GEE, and since it comprises of stacks of VH and VV Sentinel-1
flood imagery, we computed a pixel-based classification combining VH and VV backscattering
information. After the classification we applied a Gaussian filter to reduce the noise in the flood
mask improving the overall accuracy. We then repeat the procedure adding Sentinel-1 flood-
ing data of cyclone Idai. To compute the accuracy, we compare our results with the validation
data by checking how close our method detects floods compared to validation data. Moreover,
we investigated the use of Sentinel-2 MSI to produce a land cover map of the study area and
estimate the percentage of flooded areas for each land cover class. To leverage the damage
assessment quality of the results we integrated population data from Beira. The results show
that the combination of Sentinel-1 SAR and Sentinel-2 MSI data is promising for near real-time
flood mapping and damage assessment. Using the imagery acquired on 19th March 2019 in
Beira by Sentinel-1 SAR, it was possible to automatically map flooded areas with intersection
over the union metric of 0.56. We plan to share the method and the developed code as free and
open-source software to support future research on this topic and promote the use of this data
during the emergency as support cartographical information.

Keywords: Sentinels 1 and 2, Flood mapping, Machine learning, Classification, Damage As-
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sessment.

Category: Machine Learning and Artificial Intelligence
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Abstract

New exact solutions of the (2+1)-dimensional Calogaro-Bogoyavlenskii-Schiff equation are
presented. This equation was first erected by Bogoyavlenskii and Schiff in unique ways, namely
Bogoyavlenskii used the modified Lax formalism, whereas Schiff employed the same equation
by reducing the self-dual Yang Mills equation. We also derive conserved vectors of the above
mention equation by invoking the multiplier method.
Keywords: Exact solutions; Lie point symmetries; Conservation laws.
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Multistage Optimization Algorithm Using Chaotic Search
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Abstract

The chaotic optimization method gets increasing attention as an engineering application of the
chaotic dynamical systems. In this poster we undertake a performance analysis for a new class
of evolutionary algorithms called chaos optimization algorithm (COA), recently proposed by
Caponetto and al. [1], [2], [3], It was originally proposed to solve nonlinear optimization
problems with bounded variables. Different chaotic mapping have been considered, combined
with several working strategy. In this work, a chaotic strategy is proposed based on a two-
dimensional discrete chaotic attractor. Experiments results showed that the proposed algorithm
can achieve good performance. Keywords: global optimization, chaos search, function test

Category: Fluid Dynamics
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Abstract

This talk aims to construct exact solutions of a new (3+1)-dimensional novel KP-like equa-
tion, which arises in the analysis of versions of resonant phenomena. The classical symmetry
approach will be employed to search for exact solutions of a newly nonlinear evolution equa-
tion(NLEE). Thereafter, we search for the admitted conserved vectors of the mentioned novel
KP-like equation.

Keywords: Lie point symmetries; Symmetry reduction; Exact solutions; Conservation laws

Category: Industrial Mathematics

References

[1] R. Hirota, Exact solution of the Korteweg-de Vries equation for multiple collisions of
solitons, Physical Review Letters, 27 (1971) 1192-1194.

[2] S.K. Liu, Z.T. Fu, S.D. Liu, Q. Zhao, Jacobi elliptic function expansion method and peri-
odic wave solutions of nonlinear wave equations, Phys. Lett. A. 289 (2001) 69-74.

[3] C. Gu, H. Hu, Z. Zhou, Darboux Transformation in Soliton Theory and Its Geometric
Applications, Springer, The Netherlands, 2005.

[4] M. Wazwaz, The Tanh and Sine-Cosine Method for Compact and Noncompact Solutions
of Nonlinear Klein Gordon Equation, Appl. Math. Comput. 167 (2005) 1179-1195.

[5] G.W. Bluman and S. Kumei, Symmetries and Differential Equations, Applied Mathemat-
ical Sciences, 81, Springer-Verlag, New York, 1989.

Southern Africa Mathematical Sciences Association Annual Conference - SAMSA 2022
November 22 - 25, 2022

107



*********************************
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Abstract

In this talk we consider a (3+1)-dimensional nonlinear wave equation, which decribes nonlin-
ear phenomena in liquid containing gas bubbles. In the analysis, we use the Lie symmetry
method. Moreover, exact solutions for the (3+1)-dimensional nonlinear wave are obtained us-
ing Kudryashov method and Ricatti equation method. Furthermore, conservation laws are com-
puted using the multiplier method.
Keywords: A (2+1)-dimensional Korteweg-de Vries type equation in water waves; Lie sym-

metry analysis; Multiple exp-function method; Conservation laws.

Category: Industiral Mathematics
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13 THEORETICAL PHYSICS

Spatio-temporal variability of short-scale solar energy availability in the
southern region of Mozambique
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Abstract

The needs for energy use have been increasing all over the world, in Mozambique the installed
solar photovoltaic capacity increased from 2000GWp to more than 4000GWp between the years
2014 to 2022. Motivated by the need to establish an environment of efficient projection of
photovoltaic systems, we aimed to quantify the spatio-temporal variability of the availability of
solar energy in a short measurement scale. The theoretical-descriptive method was used, which
consists of the spatio-temporal analysis of the clear-sky index, having taken as materials: the
sample of solar radiation data from the southern region of Mozambique, in the provinces of
Maputo, in Lagoa Phati, on the campus from Eduardo Mondlane University and a station in
Gaza, in Dindiza during the years 2012, 2013 and 2014. First, the data were processed using
the theory of errors, selecting the types of days from the calculation of the clear-sky index K∗

t

for temporal analysis, then the correlation was made for spatial variability analysis and using
Python histograms of the types of days were modeled and the variability rate determined. The
results show that of the total of about 7 years processed, about seventy months (usable area),
distributed in all seasons of the year, the southern region of Mozambique presents mostly with
clear sky days, in detriment of intermediate days. relating to cloudy days. From the statistical
analysis of the frequency density variability it is shown that the variation of K∗

t (δK
∗
t ) has a

maximum close to zero, and it gradually decreases as they increase in value. The intermediate
sky days have a similar behavior to the previous ones, however it presents a slight decrease,
because for δK∗

t in the interval [−2, 2] it is higher. These results agree with those reported
in the literature by Lohmann et. al.,(2016). It can be concluded that the values of K∗

t for a
day vary between 0.3342 − 1.2764, with the minimum observed in July and the maximum in
December and the variations during the daily course of the K∗

t index determined according to
their standard deviation show so much adequacy to the adopted model.

Keywords: Spatial, temporal, clear sky, variability, intermediate

Category: Theoretical Physics
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A numerical solver for the Lane-Emden equation
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Abstract

In this study we consider a boundary value problem for the Lane-Emden equation which de-
scribes the behaviour of the density of a gas sphere in hydrostatic equilibrium. The Lane-Emden
equation is an example of the non-linear Poisson equation. The non-linearity of the equation
motivates the use of a numerical solver. Our choice of the solver is a Galerkin finite element
method coupled with linearisation. Finite element methods make a good choice because they
handle complex geometries well and they have well developed techniques for their mathemat-
ical analyses among other desirable properties. The numerical solver is implemented on the
computer using MATLAB, a computer environment for performing numerical computations and
visualisation. Numerical experiments are performed to show that the solver is computationally
effective.

Keywords: Lane-Emden equation, Galerkin finite element method, Linearisation, MATLAB

Category: Mathematics for Industry
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14 TOPOLOGY

On convex structures in quasi-metric spaces
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Abstract

K¨unzi and Yilzid introduced the concept of convexity structures in the sense of Takahashi in
quasipseudometric spaces. In this talk, we continue the study of this theory, introducing the
concept of W-convexity for real-valued pair of functions defined on an asymmetrically normed
real vector space. Moreover, we show that all minimal pairs of functions defined on an asym-
metrically normed real vector space equipped with a convex structure which is W−convex is
translation-invariant.

Keywords: Convex quasi-metric, Isbell-hull, asymmetric norm, W−convexity.
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Abstract

An asymmetric norm on a real vector space X is a function p : X → [0,∞) such that

(a) p(x+ y) ≤ p(x) + p(y) for all x, y ∈ X;

(c) p(λx) = λp(x) for x ∈ X,λ ≥ 0;

(c) p(x) = 0 = p(−x) ⇒ x = 0.

Such norms have applications in theoretical computer science, semigroup theory and approxi-
mation theory and have been extensively studied in recent years (see, for example, the mono-
graph [2]).

In the classical theory of real normed spaces, norms that can be defined in terms of an inner
product via the equation ||x||2 = ⟨x, x⟩ have been charactarised in many different ways (for
this, see [1]). The best known of these is the characterisation of such a norm as one that satisfies
the parallelogram identity

||x+ y||2 + ||x− y||2 = 2(||x||2 + ||y||2).

For such a norm an inner product can be defined using the formula

⟨x, y⟩ = 1
4
(||x+ y||2 − ||x− y||2).

In this talk we aim to define an asymmetric inner product, using the above characterisation
of the (symmetric) inner product as starting point. Characterisations of the usual (symmetric)
inner product as given in [1] will be used in a similar way to define possible asymmetric inner
products, and the relationship between them investigated.
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